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Been Dazed and Confused for so long it’s not true.
– Led Zeppelin [1]
iv
Zusammenfassung
Wir untersuchen zwei Aspekte der Neutrinophysik. Zunächst betrachten
wir die Erweiterung des Standardmodells durch eine vierte Generation
von Fermionen. Wir erlauben eine endliche Mischung des zusätzlichen
Neutrinos, welches möglichst allgemein mit Majoranamasse gehalten wird,
und leiten durch dessen Beitrag zum neutrinolosen Doppelbetazerfall Be-
schränkungen für die Größe der Majoranamasse her. Dies legt fest, dass
das Neutrino ein pseudo-Dirac Teilchen sein muss. Die Auswirkungen
auf die Leptonenzahl verletzende Prozesse werden diskutiert. Nach einer
Beschränkung der Elemente der Mischungsmatrix durch radiative Zerfälle
geladener Leptonen präsentieren wir ein Model mit Extradimensionen,
welches die horizontale Hierarchie der Neutrinomassen abschwächt. An-
schließend untersuchen wir die Konsequenzen des Neutrinos für die Ba-
ryogenese, wo eine ähnliche Grenze für die Majoranamasse abgeleitet wird,
indem der Auswascheffekt für Baryon- oder Leptonenasymmetrien abge-
schätzt wird. Das zweite Thema ist die Produktion von Pionen durch
Neutrino-Nukleon Wechselwirkungen durch die Erzeugung von Resonan-
zen. Für diesen Prozeß werden verschiedene Wirkungsquerschnitte, inklu-
sive nuklearer Korrekturen und Pionenspektren, berechnet und eine An-
wendung für CP Suchen vorgeschlagen.
Abstract
We investigate two aspects in neutrino physics. First, we consider the ex-
tension of the standard model by a fourth fermion generation. Allowing
finite mixing of the additional neutrino, which is kept most general with
a Majorana mass term, constraints on the size of its Majorana mass are
derived by its contribution in neutrinoless double beta decay. This de-
termines the neutrino to be a pseudo-Dirac particle and implications for
lepton number violating processes are discussed. After constraining the
mixing matrix elements by radiative charged lepton decays we present an
extradimensional model for softening the horizontal neutrino mass hier-
archy. Then we study the consequences of the neutrino in baryogenesis,
where a similar bound on the Majorana mass is obtained by estimating the
washout effect on any baryon- or lepton-asymmetry. The second topic is
the production of pions by neutrino-nucleon interactions via resonances.
For this process various cross sections, including nuclear corrections and
pion spectra, are calculated and possible applications to CP searches are
proposed.
v
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1. Introduction
The two topics covered in this dissertation, namely fourth generation Majo-
rana neutrinos and pion production by neutrino-nucleon interactions, be-
long to the large field of neutrino physics that now has come from its
Golden Age of first discoveries of new fundamental neutrino properties to
its Precision Era, where observables get determined more and more accu-
rate allowing first tests of neutrino models and model building in general.
However, neutrinos still remain a puzzle in elementary particle physics,
although there has been large progress since its first years of postulation
and discovery.
In 1914 Chadwick found the electron energy spectrum in the beta decay
of radium to be continuous [2]. As the only known elementary particles
constituting the atom were the proton and the electron at this time, a dis-
crete spectrum for the emitted electron was expected and had already been
observed in nuclear alpha and gamma decays. The observed continuous
spectrum hinted at either a violation of the conservation of energy, or short-
comings of the nuclear theory. However, another possible explanation was
given by Wolfgang Pauli in his famous, but informal, letter to the Gruppe
der Radioaktiven [3, 4]. He proposed the existence of an additional parti-
cle, called neutron, that should be a spin-12 particle, electrically neutral and
very light. Later, Fermi renamed this particle to neutrino [5, 6], after the
massive neutron had been found to be a constituent of nuclei by Chadwick
in 1932 [7, 8]. It took decades before, in 1956, Cowan and Reines finally
detected the free neutrino [9].
Up to this time there was only one kind of neutrino ν and its antiparticle
ν. The decay of the muon µ− → e−νν raised the question why the two
final state neutrinos do not annihilate. In 1959 Pontecorvo proposed that
the two neutrinos are different particles [10] and associated them with the
two lepton flavors. The muon neutrino was experimentally discovered in
1962 by Schwartz, Lederman and Steinberger [11]. Finally, in 1975, the
third charged lepton generation, the tau, was detected by Perl [12] and,
consequently, the tau neutrino got postulated and, finally, discovered in
2000 by the DONUT∗ collaboration [13].
No further generations have been observed, directly or indirectly, so far.
∗For explicit names of experiments and collaborations see list of acronyms.
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However, a fourth generation of fermions is not excluded and its discov-
ery would yield new insights into the underlying theories of elementary
particle physics.
In 1998 the Super-K collaboration announced the first evidence of neu-
trino oscillations [14]. This experiment measures the flux of electron- and
muon neutrinos produced in hadronic showers caused by cosmic rays in
the upper atmosphere. This is done by observing charged current neutrino
interactions with nuclei within the underground detector. It was found that
the number of detected neutrinos was smaller than theoretical predicted.
However, this deficit can be explained when considering one neutrino fla-
vor oscillating into another flavor that cannot be measured. This is only
possible if there is a mass difference between these two flavors, indicating
the fist evidence of nonzero neutrino masses. Two years later, the missing
neutrinos actually were identified with the tau neutrino [15].
Besides atmospheric neutrino oscillations, the interactions of neutrinos
originating from the sun were measured at the SNO. In 2001 evidence of
non-electron flavor neutrinos in these solar neutrinos was announced [16]
and confirmed in 2002 [17, 18].
The KamLAND, in 2004, was the first detector to measure anti-electron
neutrino disappearance [19] in neutrinos coming from nuclear reactors.
This evidence combined with the solar data yielded the first precise deter-
mination of neutrino oscillation parameters like the mass difference of the
neutrinos and their mixing angle.
After these experiments, that consisted of only one detector, the era of
long-baseline experiments began. For this type the neutrino source is ei-
ther a reactor or an accelerator. As the oscillation probability depends on
the neutrino energy and the propagated distance, it became necessary to
measure the neutrino fluxes of the same source at different distances, con-
firming the theory of neutrino oscillations to a high degree. Today there
are many long baseline experiments working on precision measurements
of oscillation observables such as mixing angles and mass differences: MI-
NOS, NOνA, MINERνA, K2K, T2K, OPERA, MiniBooNE, SciBooNE and
many more.
For a long time one particular mixing angle, θ13, had not been measured
and its bounds were compatible with zero. However, the two recent experi-
ments Daya Bay [20] and later on RENO [21] were finally able to determine
the last missing value of all mixing angles.
In addition to these parameters, open questions in neutrino experimen-
tal physics remain, for example the absolute mass scale, which is tackled by
nuclear beta decay experiments such as KATRIN and neutrinoless double
beta decay experiments such as GERDA and NEMO. The latter experi-
ments are also capable of answering the question whether neutrinos are
their own antiparticles or not.
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This dissertation addresses two issues in the framework of neutrino
physics depicted above.
In chapter 2 the basic idea of an additional sequential fermion genera-
tion is introduced. Here, after a brief definition of notation and underlying
theoretical principles, the broad landscape of fourth generation fermions
is summarized. Thereby, special emphasis is laid on the neutral lepton for
which we point out existing constraints from various analyses.
Chapter 3 deals with the special case of Majorana neutrinos. Herein the
effect of nonvanishing mixing of the fourth generation with the first three
generations is studied and compared with experimental data, implying
constraints on the Majorana mass of this neutrino. Additionally, the phe-
nomenological impact of these constraints is discussed as well as a model
is presented which sheds light on the neutrino mass hierarchy between the
first three and the fourth generation.
A similar constraint for Majorana neutrinos is obtained in chapter 4. In-
dependently from the analysis in chapter 3, we find the same statement by
investigating the evolution of the baryon asymmetry of the universe with
additional neutrinos, for example a fourth generation or sterile neutrinos,
introducing their potentially dangerous lepton number violating effects.
The second topic of this dissertation is the determination of the cross
section for pion production by neutrinos that scatter on a nuclear target.
This reaction is crucial for long baseline experiments in order to determine
the neutrino fluxes accurately. As neutrino physics has entered an era of
precision measurements, the errors within theoretical models have to be
lowered to find deviations from the simple three flavor oscillation scenario,
such as active-sterile oscillations or a violation of charge and partity sym-
metry. The reaction considered is dominated by the production of the delta
resonance. Therefore, in chapter 5, a model for low momentum transfers
is derived, that enhances existing form factor based models by introducing
a parameter-free cross section for the axial current contribution. For this
model, isospin rotations and nuclear effects within the target are discussed
as well as expected spectra of the produced pions. Also an application for
searches of the charge and parity violating phase in the lepton sector is
proposed
In chapter 6 we conclude and summarize the findings of this disserta-
tion.
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2. A fourth fermion generation
Theoretical particle physics has flourished since the standard model (SM)
has been established in terms of the Glashow-Weinberg-Salam model [22]
and by today there are countless extensions of the SM, such as supersym-
metry and theories with an extended gauge or scalar sector. However elab-
orate such theories are, they suffer from the fact, that numerous new pa-
rameters have to be introduced for explaining the new particle masses as
well as new interactions. Besides these theories, one of the most simplest
and straight forward extensions of the standard model is still alive but sel-
dom considered: an additional, sequential fourth fermion generation. By
this we mean the that the common standard model with three generations
(SM3) is accompanied by a fourth generation without any change of the
gauge sector and keeping the particle multiplets ordered as usual.
Thus we define the fermion content of the standard model with four
generations (SM4) as follows:
1st generation :
(
u
d
)
L
, uR, dR,
(
νe
e−
)
L
, e−R , νe,R
2nd generation :
(
c
s
)
L
, cR, sR,
(
νµ
µ−
)
L
, µ−R , νµ,R
3rd generation :
(
t
b
)
L
, tR, bR,
(
ντ
τ−
)
L
, τ−R , ντ,R
4th generation :
(
t′
b′
)
L
, t′R, b′R,
(
ν4
l−4
)
L
, l−4,R, ν4,R.
(2.1)
Here we also introduced one right handed neutrino for each generation in
order to construct Majorana neutrinos and keeping the model as general as
possible.
In fact, the SM4 has become rather popular, see e. g. [23–25]. Especially
several issues in flavor physics of the SM3 can be cured or at least softened
by the SM4 (see, for example, [26–31] and [32,33] for some early work).
For example, the SM3 fails to describe both the Bd and Bs mixings
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by 3.8 standard deviations [34], although the Cabibbo-Kobayashi-Maska-
wa (CKM) picture [35, 36] has been shown enormous success in particle
physics.
Furthermore, a measurement of the D0 collaboration [37, 38] of the
dimuon asymmetry which was a factor of 42 larger than the SM3 re-
sult [39, 40] with a statistical significance of 3.2 standard deviations could
be enhanced by the SM4, although not completely explained [31].
In the following sections we will briefly address several topics involving
a fourth fermion generation by surveying the landscape of SM4 physics.
2.1 Invisible Z decay width
The most stringent bound on the number of neutrino generations Nν is
given by the decay width of the Z boson measured at the Standford Lin-
ear Collider (SLC) and Large Electron-Positron storage ring (LEP). A com-
bined analysis [41] of all collaborations involved at these measurements
addressed the issue of neutrino generations as follows. The Z particle is
produced as a resonance in electron-positron collisions. The width ΓZ of
its subsequent decay is given by
ΓZ = Γℓℓ + Γνν + Γhad, (2.2)
where Γℓℓ is the partial decay width to charged lepton pairs and Γhad the
partial decay width to hadronic final states. Assuming lepton universality
these two parts are known. The solely free parameter is the number of
neutrino generations within the partial decay width Γνν, the invisible decay
width of the Z, meaning the production of neutrino pairs. Figure 2.1 shows
the experimental data in comparison with the theoretical predictions of
two, three and four neutrino generations. The best fit of the data is given
for
Nν = 2.984± 0.008 (2.3)
neutrino generations. However stringent this constraint appears, there is
still the possibility for further neutrino generations. At the decay of the Z
boson only particles with an invariant mass smaller than the mass of the Z
can be created. For neutrino pair production this means that only neutrinos
with a mass smaller than half the Z boson mass mZ contribute to the decay
width. If there is a neutrino with a mass mN large enough to obey
mN >
mZ
2
≈ 45.6GeV (2.4)
it would be still in agreement with this data.
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Figure 2.1: Fit of the Z boson decay width for two, three and four light neutrino
generations. Taken from [41].
2.2 Higgs mass and DSB
As the LHC experiments ATLAS and CMS have announced [42,43] the dis-
covery of a new boson with mh ∼ 125GeV being compatible with the long
sought Higgs boson, some of the advantages of the four generation (4G)
scenario turned into conflicts. Before this discovery there was some tension
of the Higgs mass bounds that were softened in a 4G framework [44–48].
Considering the simplest scenario with one Higgs particle, the new dis-
covery prefers the SM3 in terms of an p-value analysis [49] due to its small
mass. The SM4 remains compatible albeit unlikely. However, the SM4 now
prefers the two Higgs doublet model [50].
The reason is that in such theories electroweak symmetry breaking
(EWSB) is driven by the condensation of the fourth generation quarks [51,
52]. Such scalar condensates of heavy fermions, including all fourth gener-
ation fermions as well as the heavy top quark, result in a multiple compos-
ite Higgs spectrum [53,54]. The lightest composite Higgs can be associated
with the observed boson and additional can be pushed outside of experi-
mental reach. If the heavy Higgses decouple the theory effectively reduces
to a two Higgs doublet model [55].
For further details on these strong dynamic effects see [56,57] and on the
development of dynamical symmetry breaking (DSB) scenarios [54,58–65].
2.3 Electroweak and flavor constraints
A great effort has been made to trace the fourth generation fermions in
existing electroweak precision [44, 45, 66–72] and flavor data [73–78]. Espe-
cially the quark sector has gotten heavily constrained. We will exemplify
7
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(a) S-T plane (b) S-U plane
Figure 2.2: Fits of electroweak parameters taken from [71]. The Higgs mass was
assumed to be 117 GeV.
these studies by sketching the findings of [71].
First, the current experimental bounds on charged weak decays and fla-
vor changing neutral currents (FCNC) are used to determine CKM matrix
elements. In contrast to the SM3 CKM matrix, the introduction of an ad-
ditional generation also introduces three new mixing angles and two new
charge and parity (CP) phases into the CKM matrix.
Second, the oblique electroweak parameters U, S and T, the Peskin-
Takeuchi parameters [79,80], are investigated. They measure the impact of
new physics by its contributions to radiative corrections of gauge bosons.
For the SM3 they are all chosen to be zero and beyond the standard model
physics in general is only allowed to cause slight deviations from this
to reproduce the SM3 as the effective theory observed and remarkably
confirmed. The parameters themselves are defined as combinations of
weak gauge boson self energies and are, therefore, directly linked with
gauge couplings. In figure 2.2 we show again two fits of these parameters
from [71].
After adding constraints from FCNCs, the results for the new mixing
angles are:
θ14 < 0.0535 (2.5)
θ24 < 0.121 (2.6)
θ34 < 0.35. (2.7)
Analyses investigating the 4G mass spectrum are depending on the un-
derlying Higgs model. A recent analysis [81] determined the probability
densities in both one Higgs and two Higgs models. The mass splitting be-
tween the 4G quarks is found to be less than the mass of the W boson. For
the two Higgs model smaller values are preferred. In figure 2.3 we show
the density plots of [81] for the now preferred two Higgs model. Interest-
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Figure 2.3: Density distributions for 4G fermion masses taken from [81].
ingly the charged lepton τ4 probability peaks near the experimental bound,
making it the best candidate for discovery.
2.4 CP violation and EWPT
The introduction of a fourth fermion generation offers also enhancements
in the field of CP violation in the quark sector [82, 83]. A CP violation can,
principally, explain electroweak baryogenesis. However, the measure of CP
violation within the SM3 is too small to explain the observed baryon to
photon ratio in our universe. To explain the enhancement by the SM4 we
repeat the argumentation of [83]. As measure for CP violation in the SM3
we take the Jarlskog invariant CP violation measure given by:
JSM3 =
(
m2t −m2u
) (
m2t −m2c
) (
m2c −m2u
)
×
(
m2b −m2d
) (
m2b −m2s
) (
m2s −m2d
)
× ASM3 (2.8)
with ASM3 ≈ 3 · 10−5. The baryon to photon ratio is of the order of 10−9. For
comparison, one has to normalize the Jarlskog invariant by the temperature
of the electroweak phase transition (EWPT):
RSM3 =
JSM3
T12EW
≈ 10−20 (2.9)
which is ten to eleven orders of magnitude too small. The resulting number
is so small because of the small quark masses compared to TEW ∼ 100GeV.
At this point the difference arises when considering the SM4, which intro-
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duces two new heavy quarks into the Jarlskog invariant:
JSM4 =
(
m2t′ −m2c
) (
m2t′ −m2t
) (
m2t −m2c
)
×
(
m2b′ −m2s
) (
m2b′ −m2b
) (
m2b −m2s
)
× ASM4. (2.10)
The larger quark masses can increase the ratio RSM3 by approximately 15
orders of magnitude and thus permitting CP violation which is capable of
generating the observed baryon to photon ratio and, therefore, a successful
baryogenesis.
In addition also the strength of the phase transition might be increased
in a SM4 framework [84–86] which is also enhancing electroweak baryoge-
nesis scenarios by creating the necessary out-of-equilibrium condition.
2.5 Gauge coupling unification
One of the advantages of SM4 in the pre-Higgs era was the potential
of gauge coupling unification without supersymmetry. Despite a prob-
lem with arising Landau poles below the scale of grand unified theories
(GUT) and, therefore, nonpertubative Yukawa couplings, the introduction
of heavy fermions can lead to a successful gauge coupling unification [87].
However, this analysis assumed a large Higgs mass of mH > 174GeV and
may change in respect of the boson discovery at the LHC. Especially, the
Landau poles are now at higher energies, curing the basic difficulty of this
topic. The evolution of the couplings with the discovered boson mass has
not been carried out, yet.
2.6 Lepton sector
In contrast to the quark sector, the lepton sector of the SM4 has gained
more interest in the last years [88–97]. The particle data group (PDG) [98]
gives the following experimental bounds on the fourth generation charged
lepton mass mℓ4 :
mℓ4 > 100.8GeV (charged lepton) (2.11)
mℓ4 > 102.6GeV (stable charged heavy lepton). (2.12)
For the fourth generation neutrino mass m4 it gives:
m4 > 45GeV (39.5GeV) (stable Dirac (Majorana) neutrino) (2.13)
m4 > 90.3GeV (80.5GeV) (unstable Dirac (Majorana) neutrino). (2.14)
Dirac type neutrinos differ slightly from Majorana type neutrinos due to
different couplings to the SM3. Stable neutrinos can be lighter because if
10
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they do not decay within the detectors they cannot be identified. We will
use the bound for stable neutrinos in the next chapter, which coincides
with the invisible Z decay width of section 2.1.
The analysis [71] mentioned above also gives bounds on the mass split-
tings of the leptons: ∣∣mℓ4 −m4∣∣ < 140GeV. (2.15)
In typical seesaw models (see section 3.4 for details), the Dirac mass of
the additional neutrino mD4 gives the upper bound of the light neutrino
mass eigenstate. In order to stay within the perturbative regime the Dirac
mass shall not exceed the electroweak scale. Therefore, taking into account
the bound from equation (2.4), the Dirac mass is given in the range
45GeV ≤ mD4 ≤ 1000GeV. (2.16)
Radiative contributions to the light neutrinos induced by the additional
fourth generation neutrino may exceed the mass bounds on neutrinos from
cosmology, tritium beta decay and neutrinoless double beta decay. The
two-loop contribution (see figure 2.4) has more stringent bounds by cos-
mology than by neutrinoless double beta decay as discussed in the next
chapter. For a discussion of fourth generation induced loop effects on light
neutrinos we refer to [99, 100] and the recent papers [96, 101]. We will
restrict ourselves to neutrinoless double beta decay, as the cosmological
bound suffers from large systematic uncertainties.
νi νj
eα
W
W
eβν4
Figure 2.4: Feynman diagram of the radiative two-loop contribution to the light neu-
trino masses.
One of the basic assumption of the analyses in the following chapters
concerns the mixing of the fourth generation neutrino to the SM3. We start
by a partial fit of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing
matrix to a set of experimental data in the SM4 framework, which pro-
vides a hint for a nonzero admixture of a fourth generation neutrino to the
11
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electron at 2σ confidence level [102]. The bounds on the additional PMNS
matrix elements are:
U =


∗ ∗ ∗ <0.089
>0.021
∗ ∗ ∗ < 0.029
∗ ∗ ∗ < 0.085
< 0.115 < 0.115 < 0.115 <0.9998
>0.9934

 . (2.17)
These bounds have changed due to new experimental data since the orig-
inal publication [102] and the matrix element Ue4 is now compatible with
zero at 2σ-level [103]. However, the central value is now at Ue4 = 0.044
with 0.015 < Ue4 < 0.060 at 1σ-level. Therefore, our assumption of finite
mixing Ue4 remains well motivated. As the new fit values are not published
or elsewhere validated we use the results of [102] given in equation (2.17).
The following chapter studies the implications of this nonvanishing matrix
element and does not rely on the exact value of this mixing element as it
provides order of magnitude estimations. Small changes of the value do
not lead to significant changes of the results and conclusions.
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3. Constraining the fourth
generation neutrino
In this chapter several bounds on the possible Majorana nature of a fourth
sequential generation will be derived. As mentioned in the previous sec-
tion, a fit [102] of the neutrino mixing matrix to electroweak observables
leads to the following bound on the mixing element Ue4:
0.021 < Ue4 < 0.089. (3.1)
Note, that this bound changes with new experimental data. For example,
the new bound on radiative charged lepton decays reduces the level of
significance. However, the central value at Ue4 = 0.044 remains larger than
zero within the 1σ significance level (0.015 < Ue4 < 0.060) [103]. As this
new estimate is not validated, we will use the published bounds given
in equation (3.1) for our analysis. The exact value of the mixing matrix
element is not of importance as the results do not change significantly with
small deviations. We will assume this nonzero mixing and consider its
implications on the Majorana mass of the fourth generation neutrino by
investigating its lepton number violating effects.
The findings of this chapter have been published as [104]
A. Lenz, H. Päs and D. Schalla
Fourth Generation Majorana Neutrinos
Physical Review D85 (2012) 075025, arXiv:1104.2465
and, in an earlier version, in the conference prodceedings [105] of the 16th
International Symposium on Particles, Strings and Cosmology 2010 (PAS-
COS2010) in València, Spain
A. Lenz, H. Päs and D. Schalla
Constraints on fourth generation Majorana neutrinos
Journal of Physics: Conference Series 259 (2010) 012096, arXiv:1010.3883 .
3.1 Neutrinoless double beta decay
The radioactive beta decay of a neutron n → pe−νe is a common process
that is a direct consequence of the Fermi theory of weak interactions. The
13
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simultaneous decay of two seperate neutrons within a single nucleus is
called double beta decay. As the single beta decay generally occurs more
frequent, the double beta decay signal cannot be measured in most cases.
However, for some nuclei the single beta decay is forbidden but the double
beta decay allowed. For example for germanium-76, the single beta decay
to arsenic-76 is energetically forbidden, but the direct decay to selenium-76
allowed and, therefore, principally measurable. In the SM, there are two
types of double beta decays that differ in the number of emitted neutrinos.
The first and more frequent occurring possibility is the independent de-
cay of two neutrons into two protons, two electrons and two anti-electron
neutrinos in the final state. This is the two neutrino double beta decay
(2νββ) whose Feynman diagram is shown in figure 3.1(a). Due to the evad-
ing neutrinos the final electrons are distributed in a broad spectrum. For
instance, the EXO Collaboration has measured the 2νββ half-life time of
136Xe to be T1/2 = 2.11 · 1021 yr [106]. As it is allowed in the SM, it does
not yield any specific new information on neutrino properties but can help
to determine and check hadronic models for obtaining nuclear matrix el-
ements (NME) that are crucial for calculating double beta decay half-life.
Part of the information contained in the NMEs for 2νββ can be related to
the second type of double beta decay [107,108].
In this second process, namely neutrinoless double beta decay (0νββ)
depicted in figure 3.1(b), there are no final state neutrinos. Instead of es-
caping, the neutrino emitted within the decay of one neutron is also inter-
acting with the second neutron thus becoming an intermediate state. As in
this case no energy is carried away as missing energy, the final state energy
spectrum is a discrete line. Connecting the two vertices with one neutrino
requires a flip of its spin which is only possible if the neutrino has nonzero
mass. Furthermore, it has been shown [109] that in gauge theories any
mechanism that can mediate the 0νββ must contain a Majorana mass term.
The light neutrino exchange, depicted in figure 3.1(b), is the only SM al-
lowed 0νββ mechanism and therefore, if observed, would imply neutrinos
to be Majorana particles. Models with an enlarged particle content such as
supersymmetry or majoron models, are, in principle, capable of triggering
0νββ but will not be discussed here.
The typical half-life time of 0νββ is even larger than that of 2νββ and it
has not been detected, yet. It is not allowed in the SM as a Majorana mass
for the neutrinos is required. The best lower bound of the half-life time for
the neutrinoless double beta decay of germanium-76 is given by the IGEX
collaboration [110]:
TGe1/2 > 1.57 · 1025 yr. (3.2)
First, we consider this process without neutrino mixing and thus only
with one mass eigenstate m in the propagator. Following the calculation
14
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Figure 3.1: Feynman diagrams of double beta decay processes.
of the half-life time as sketched in [111], the leptonic tensor Mµλ of the
process in figure 3.1(b) is given by
Mµλ = ϕ
∗ueγµ
1
2
(1− γ5) /q +m
q2 −m2γλ
1
2
(1+ γ5) ve. (3.3)
Here ϕ is the phase factor of the propagator. The /q part vanishes due to
Dirac algebra. The momentum transfer q of the neutrino is of the order of
the typical Fermi momentum of the nucleus q ∼ O (100MeV). As the neu-
trino masses considered in this simple case are all below 1 eV, the relevant
observable is
Mµλ ∝
m
q2 −m2
q2≫m2−→ Mµλ ∝ m. (3.4)
This provides a probe for the absolute neutrino mass.
Including neutrino mixing and using the notation of [112] the contri-
bution of light neutrinos to the inverse 0νββ half-life time is then given
by
[
T
0νββ
1/2
]−1
=
( 〈mν〉
me
)2
CLLmm, (3.5)
where CLLmm is the combination of the NME and a phase space factor. Here
the subscript m denotes the mass mediation and the superscript L the
light neutrino contribution for both vertices. Those factors were calculated
in [113,114]. The observable 〈mν〉, defined as
〈mν〉 = ∑
α
U2eαm
ν
α, (3.6)
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is the effective light neutrino mass including neutrino mixing. The electron
neutrino produced at each vertex is a flavor eigenstate and consists of a su-
perposition of all three light neutrino mass eigenstates. Each eigenstate mα
enters the calculation with the appropriate PMNS mixing matrix element
Ueα, where α = 1, 2, 3 is the index of light (m < 100MeV) neutrino mass
eigenstates.
Considering the half-life bound in equation (3.2) this yields an effective
neutrino mass of
〈mν〉 ≤ 3.7 eV. (3.7)
Introducing a fourth generation with an additional Majorana neutrino
changes this picture in a significant way: Not only the light neutrinos, but
also the additional 4G heavy neutrino can mediate 0νββ. As shown in the
previous chapter, a fourth generation neutrino must be heavier than half of
the Z-boson mass to avoid detection in the invisible Z-decay width. Thus
for a heavy neutrino the matrix element in equation (3.4) is proportional to
the inverse neutrino mass:
Mµλ ∝
m
q2 −m2
q2≪m2−→ Mµλ ∝ 1m . (3.8)
Therefore, a second observable, the effective heavy neutrino mass, con-
tributes also to the inverse half-life:
[
T
0νββ
1/2
]−1
=
( 〈mν〉
me
)2
CLLmm +
(
mp
〈mN〉
)2
CNNmm +
( 〈mν〉
me
)(
mp
〈mN〉
)
CNLmm
(3.9)
with
〈mN〉−1 = ∑
β
U2eβ(m
N
β )
−1, (3.10)
where β counts all heavy (> O(100GeV)) neutrino mass eigenstates. Note
the presence of an interference term of light and heavy vertices.
The light neutrinos produce a long half-life (∼ mνα) due to their masses
being small. In contrast, the heavy neutrinos produce a long half-life
(∼ 1/mNβ ) by being heavy. For the case of intermediate (MeV) scale neu-
trinos see [115], where a careful treatment of the fermion propagator leads
to altered neutrino potentials. However, as there cannot be an active neu-
trino state in this intermediate regime, we can clearly associate the mass
eigenstates to either light or heavy.
Assuming now a mixing of the fourth generation to the electron as in-
dicated by [102] with the bounds of equation (3.1) and neglecting contribu-
tions of the light neutrinos (〈mν〉 = 0) we are able to calculate the resulting
16
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Figure 3.2: Contribution of a single heavy neutrino to the 0νββ half-life (thin lines)
within the mixing region given by equation (3.1) and the IGEX lower bound (thick line).
The gray area indicates the allowed region.
half-life as a function of the heavy neutrino mass eigenstate m4. Figure 3.2
shows this dependence in comparison with the experimental bound given
by the IGEX experiment.
Thereby, using the mixing elements from equation (3.1), we find the
following mass bounds on the fourth heavy mass eigenstate m4:
Umaxe4 = 0.089 ⇒ m4 ≥ 6.8 · 105GeV (3.11)
Umine4 = 0.021 ⇒ m4 ≥ 3.8 · 104GeV. (3.12)
The mass is found to be larger than O(10TeV) which is in contradiction
to equation (2.16) that constrains the light additional mass eigenstate to be
less than 1TeV.
This 0νββ bound can be loosened by considering the contribution of the
light neutrinos canceling the heavy neutrino contribution due to relative
phases. To investigate the impact of such phases (α, β) we introduce the
following notation:
〈mν〉 ⇒ eiα 〈mν〉 (3.13)
〈mN〉−1 ⇒ eiβ 〈mN〉−1 . (3.14)
The cancellation is maximal for opposite phases and large light neutrino
masses. Thus for light neutrino masses we use a quasi-degenerate spec-
trum with the maximum neutrino mass limit given by the large scale struc-
ture (LSS) of the universe given by [116]:
∑mν < 0.66 eV (3.15)
and consider mass splittings as obtained by neutrino oscillation experi-
ments [117]. This partial cancellation of the 0νββ amplitude yields the
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following reduced mass bounds to be compared with equation (3.11):
Umaxe4 = 0.089 ⇒ m4 ≥ 4.5 · 105GeV (3.16)
Umine4 = 0.021 ⇒ m4 ≥ 2.5 · 104GeV. (3.17)
The light neutrino contribution is capable of reducing the mass bound
within one order of magnitude, whereas several orders of magnitude are
required to match the desired mass range.
In general, there are three possibilities to save the idea of a fourth gen-
eration neutrino:
1. At least the fourth generation does not possess a Majorana mass term
that may trigger 0νββ. All neutrinos being Dirac particles would rule
out several attractive features such as the seesaw mechanism for the
light neutrino mass suppression and leptogenesis as an explanation
for the baryon asymmetry of the universe. The 4G neutrino being the
only Dirac particle would be an unnatural choice and against the idea
of the sequential 4G scenario.
2. Some other, yet unknown, physics or particle contributes to 0νββ and
cancels the heavy neutrino contribution. For a successful cancella-
tion the new physics must be fine tuned to exactly match the heavy
neutrino contribution without producing a signal on its own.
3. The heavy fourth generation neutrino is a pseudo-Dirac particle.
We will elaborate on the last alternative, as it is the simplest scenario with-
out any further beyond the standard model physics. It also keeps the neu-
trino properties as general as possible by allowing a Majorana mass term.
A pseudo-Dirac neutrino [118, 119] is the special case, where the Majo-
rana mass of the neutrino is much smaller than its Dirac mass. Following
the definitions of [120] we start with the one generation mass matrix Mν
and its rotation by the rotation matrix O to the diagonal matrixMd:
Mν = OMdSO. (3.18)
Here S is a diagonal matrix containing the entries si = ±1 (assuming CP
invariance) with i = 1, 2 that ensures positive masses for the neutrinos.
With an arbitrary choice of the rotation matrix this equation reads(
0 mD
mD MR
)
=
(
cos θ sin θ
− sin θ cos θ
)(
m 0
0 M
)(
s1 0
0 s2
)(
cos θ − sin θ
sin θ cos θ
)
(3.19)
where m (M) is the smaller (larger) mass eigenstate and, mD the Dirac and
MR the right-handed Majorana mass. Note, that we neglect a possible left-
handed Majorana mass, because we want to retain the idea of the seesaw
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mechanism. The first matrix in this equation is the mass matrix in flavor
space in the basis given by equation (3.53). It will be further explained in
section 3.4.
The corresponding mixing angle θ between the two mass eigenstates is
given by
tan 2θ =
2mD
MR
. (3.20)
In general, both mass eigenstates propagate in 0νββ with their respective
mixing and the leptonic tensor for the matrix element for 0νββ contains the
term
M ∝ m
q2 −m2 cos
2 θ − M
q2 −M2 sin
2 θ. (3.21)
The minus sign indicates that the two mass eigenstates have opposite cre-
ation phases.
In the common seesaw case [121–124], where mD ≪ MR, the mixing is
small:
mD ≪ MR ⇒ tan 2θ → 0 θ → 0. (3.22)
As a result the heavy mass eigenstate M is almost decoupled and can be
neglected in many cases. Only the light mass eigenstate m contributes to
0νββ which was used in equation (3.5). They are found to be
m =
1
2
(√
4m2D + M
2
R −MR
)
≈ m
2
D
MR
(3.23)
M =
1
2
(√
4m2D + M
2
R + MR
)
≈ MR + m
2
D
MR
. (3.24)
In contrast to this, the pseudo-Dirac case mD ≫ MR leads to the mixing
angle
mD ≫ MR ⇒ tan 2θ → ∞ θ → π
4
(3.25)
yielding maximal mixing between the two mass eigenvalues
m =
1
2
(√
4m2D + M
2
R −MR
)
≈ mD − MR
2
(3.26)
M =
1
2
(√
4m2D + M
2
R + MR
)
≈ mD + MR
2
. (3.27)
The two corresponding eigenstates form one object and the matrix element
reads
M ∝ 1
2
(
m
q2 −m2 −
M
q2 −M2
)
. (3.28)
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Figure 3.3: Maximal mass splitting δm for heavy pseudo-Dirac neutrinos. The upper
(lower) curve corresponds to the lower (upper) bound on Ue4 according to equation (3.1).
The shaded area represents the allowed parameter space.
For a deeper discussion of the seesaw type-I mass model see section 3.4.
For the heavy fourth generation this modifies the half-life time for 0νββ
to
[
T
0νββ
1/2
]−1
=
1
4
(
mp
〈m4〉 −
mp
〈M4〉
)2
CNNmm . (3.29)
Therefore, the contributions of the two different mass eigenstates partly
cancel each other suppressing the cross section. The important quantity is
the mass splitting δm of the two eigenstates
δm ≡ M−m = MR. (3.30)
For the Dirac case with vanishing Majorana mass the two terms in equa-
tion (3.29) cancel each other exactly affirming that this process is forbidden
for Dirac neutrinos. Thus for small Majorana masses it is possible to avoid
a signal in 0νββ due to a cancellation of the contribution of the two mass
eigenstates m and M, even if the mass eigenstates themselves are in a mass
region as required by equation (2.16). The Majorana mass may not exceed
a certain value depending on the assumed PMNS matrix element and the
neutrino mass itself. These allowed Majorana masses for neutrinos fulfill-
ing equation (2.16) are shown in figure 3.3.
For the case Ue4 = 0.021 we find the limits
m4 = 45GeV ⇒ δm = 0.107GeV (3.31)
m4 = 1000GeV ⇒ δm = 56GeV. (3.32)
As the ratio δm/m4 is of the order of 10
−3 to 10−2 the approximation of
maximal mixing and the pseudo-Dirac nature is valid.
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3.2 Like-sign dilepton production
The constraint on the Majorana mass of a fourth generation neutrino de-
rived in the previous section has implications for any lepton number violat-
ing (LNV) processes triggered by this neutrino. Usually processes involv-
ing heavy neutrino propagators are derived with the assumption of only
one mass eigenstate participating. We will exemplify the impact of the
pseudo-Dirac nature by investigating the cross section of like-sign dilepton
production (LSD) at hadron colliders:
pp→ ℓ+1 ℓ+2 X. (3.33)
LSD is the analog of 0νββ at hadron colliders and thus contains the iden-
tical neutrino propagator as can be seen in its Feynman diagrams in fig-
ure 3.4.
According to [125] the cross section of LSD production mediated by a
single heavy mass eigenstate is given by:
σsingle
(
pp→ ℓ+1 ℓ+2 X
)
=
G4Fm
6
W
8π5
(
1− 1
2
δℓ1ℓ2
) ∣∣Uℓ14Uℓ24∣∣2 F (E,m4) , (3.34)
where F (E,m4) is a function of beam energy and the heavy neutrino mass
but does not depend on mixing variables. It also contains the neutrino
propagator in form of the subprocess W+W+ → ℓ+1 ℓ+2 , which has been
taken from [126]. This unmodified cross section is illustrated in figure 3.5
for dielectron production mediated by a heavy Majorana neutrino obeying
theUe4 bound of equation (3.1). In our computation we use Martin-Stirling-
Thorne-Watt (MSTW) parton distributions [127].
In contrast to 0νββ, where the average momentum is much smaller than
the heavy neutrino mass, at hadron colliders the neutrino mass is smaller
than the average energy. Thus the approximate propagator for pseudo-
Dirac neutrinos is now proportional to its mass (see equation (3.4)).
Therefore, we will modify the cross section σsingle by introducing a
pseudo-Dirac correction factor ∆pD to obtain the pseudo-Dirac LSD cross
d
u d
W+
u
W+
ℓ
+
1
ℓ
+
2
N
u
u
ℓ
+
2
ℓ
+
1
d
W+
N
W+
d
Figure 3.4: Feynman diagrams of LSD production.
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Figure 3.5: Cross section for like-sign dielectron production by an electroweak scale
Majorana neutrino without 0νββ constraints. The shaded area corresponds to the al-
lowed values of Ue4 according to equation (3.1).
section:
σ = ∆pD · σsingle
(
pp→ ℓ+1 ℓ+2 X
)
. (3.35)
This correction factor is given by
∆pD =
1
4
1
m24
(M4 −m4)2 = 14
(
δm
m4
)2
. (3.36)
As a consequence, the LSD cross section is considerably smaller than
in the single neutrino case, which can be seen in figure 3.6. As the flavors
of the final state leptons enter the cross section in equation (3.34) only by
an overall factor, the various flavor combinations can easily be obtained
by choosing the appropriate flavor factor
∣∣Uℓ14Uℓ24∣∣2 for the cross section.
These factors are given in table 3.1.
The suppression and the resulting smallness of the LSD cross sections
exhibits the impact of the pseudo-Dirac nature of a neutrino species on
any LNV process. Although the mass eigenstates themselves can be com-
parable large, the magnitude of the Majorana mass is crucial. Thus the
Majorana nature can only be constrained but not strictly excluded.
3.3 Radiative lepton decays
The bound on Ue4 in equation (3.1) obtained in [102] is dominated by ex-
perimental constraints on radiative, lepton flavor violating, charged lepton
decays, particularly the radiative decay of the muon. We will scrutinize
these reactions in this section.
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(a) Cross section for like-sign dielectron
production.
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(b) Cross section for like-sign dimuon and
like-sign two fourth generation charged
lepton production.
Figure 3.6: Upper bound on the cross section for like-sign dilepton production triggered
by an electroweak scale pseudo-Dirac neutrino fulfilling 0νββ constraints.
final state flavor factor [10−5]
l4l4 49960
el4 791.78
τl4 722.21
µl4 84.07
eτ 5.72
ee 3.14
ττ 2.61
eµ 0.67
µτ 0.61
µµ 0.04
Table 3.1: Flavor factor |Uℓ14Uℓ24|2 of the LSD production cross section shown in
figure 3.6. The states are sorted by their flavor factor.
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The processes (see figure 3.7) and the experimental bounds on their
branching ratios [128, 129] are
BR(µ→ eγ) < 2.4 · 10−12 (3.37)
BR(τ → µγ) < 4.4 · 10−8 (3.38)
BR(τ → eγ) < 3.3 · 10−8. (3.39)
The corresponding amplitude for the decay of a charged lepton ℓ into
the charged lepton ℓ′ is given by [130]
Tα = UℓαUℓ′αF
(
m2α
m2W
)
(3.40)
where F(xα) is
F(xα) = 2(xα + 2)I
(3)(xα)− 2(2xα − 1)I(2)(xα) + 2xα I(1)(xα) + 1 (3.41)
with xα ≡ m
2
α
m2W
and
I(n)(xα) =
∫ 1
0
dz
zn
z+ (1− z)xα . (3.42)
Thus the decay width can be written as
Γℓ→ℓ′γ =
1
2
G2Fm
5
ℓ
(32π2)2
αW ∑
α
|UℓαUℓ′α|2 F2e f f (xα). (3.43)
Here we define
Fe f f (xα) = F(xα)− F(0) (3.44)
due to the unitarity cancellation
∑
α
UℓαUℓ′α = 0 (3.45)
of the constant term in F(xα) in equation (3.43).
ℓ να ℓ′
γ
W
Figure 3.7: Feynman diagram of the radiative decay of a lepton.
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Figure 3.8: F2e f f as a function of the mass of the exchanged neutrino.
Note, that this process is allowed for both Majorana and Dirac neutri-
nos. As the neutrino mass in the analysis [102] was fixed to 45GeV we
will first focus on the mass dependence of the decay width, which enters
equation (3.43) in form of the factor F2e f f (xα). The mass dependence of this
factor is shown in figure 3.8. For the first three, light neutrinos the decay
width is suppressed by the smallness of the mass eigenstate and a resulting
small Fe f f . The quantity |UℓαUℓ′α|2 can, therefore, be large, allowing large
PMNS matrix elements. For a fourth generation this is not the case as can
be seen in figure 3.8. Consequently, the smallness of the decay width has
to be a result of a small mixing between the lepton flavors. However, only
the product of two PMNS matrix elements is observable, yielding no ab-
solute bounds but an allowed region in the Uℓα-Uℓ′α parameter space. For
instance, a larger neutrino mass does not imply a more stringent bound
on Ue4 as the matrix element Uµ4 can be arbitrary small. This is shown
in figure 3.9 for various neutrino masses. Within the required mass range
45GeV ≤ m4 ≤ 1TeV the bounds vary only within one order of magnitude.
The decays of the tauon have much weaker experimental bounds and
do not give any additional constraints.
3.4 Fourth generation neutrino mass model with
extra dimensions
Even with todays knowledge of neutrino oscillation parameters and huge
experimental effort, the theory of massive neutrinos still remains a mystery
challenging model building. The charged fermions typically acquire their
masses via the Higgs mechanism as they are pure Dirac particles. The
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Figure 3.9: Constraint on the Uµ4−Ue4 parameter space obtained from the bound on
the branching ratio for µ → eγ. The lower left is the allowed region. The boundaries
of the intervals plotted are given by the allowed values Uµ4 −Ue4 with m4 = 45GeV
according to equation (3.1).
Lagrangian for the fermion masses is given by:
−LDirac = yℓLiφiℓR + h. c., (3.46)
where L is the left handed lepton doublet, ℓR the right handed lepton sin-
gled, φ the Higgs doublet and yℓ the Yukawa coupling. After electroweak
symmetry breaking, the Higgs doublet acquires the vacuum expectation
value
v ≈ 246GeV
and the mass term now reads
−LDirac = yℓvℓLℓR + h.c. (3.47)
For instance, this yields a Yukawa coupling for the electron of
ye ≈ 2 · 10−6. (3.48)
The quarks acquire their masses in the same way, yielding for the top quark
yt ≈ 0.7. (3.49)
All remaining fermions have Yukawa couplings within this range. For now
we consider also neutrinos as Dirac particles and use 1 eV as their order of
magnitude. The corresponding Yukawa coupling would be
yν ∼ 10−12. (3.50)
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This large hierarchy is illustrated in the left column of figure 3.10. Here
the masses of the third generation fermions are illustrated on an exponen-
tial axis. Again, we choose the scale of the neutrino mass to be maximal
given by the LSS constraint on the sum of light neutrino species. While
the charged fermions have masses converging to order one Yukawa cou-
plings, the neutrino is nine orders of magnitude lighter causing a huge gap
in the fermion mass spectrum which appears unnatural. This shortcom-
ing of the Dirac type neutrino mass model has been cured by the seesaw
mechanism [121–124], which employs the interplay between the Dirac mass
Lagrangian of the form
LDirac = mD (νRνL + νcLνcR) + h.c. (3.51)
and the additional Majorana mass Term
LMajorana = MR (νcRνR) + h.c. (3.52)
Here we restrict ourselves to one generation only. For more generations
the neutrino states get generation indices and the masses become mass
matrices. These Lagrangians add up to the complete mass Lagrangian,
that can be efficiently written as the matrix equation:
−Lmass = 1
2
(
νcL νR
) ( 0 mD
mD MR
)(
νL
νcR
)
+ h.c. (3.53)
As the matrix, that connects the neutrino flavor and mass eigenstates, is not
diagonal, these mass and flavor eigenstates are not identical. The neutrino
mass eigenstates are the eigenstates of this matrix and the neutrino masses
its eigenvalues:
m =
1
2
(√
4m2D + M
2
R −MR
)
(3.54)
M =
1
2
(√
4m2D + M
2
R + MR
)
. (3.55)
The type-I seesaw model generates small neutrino masses by introduc-
ing large Majorana masses (MR ≫ mD). This leads to the mass eigenvalues
mi ≈
m2D
MR
(3.56)
Mi ≈ MR −
m2D
MR
. (3.57)
Typically, the Majorana mass is chosen at the grand unified scale and the
Dirac mass is comparable to the charged fermions with order one Yukawa
couplings. This leads to a mass spectrum as shown in the left column of
figure 3.10, explaining the gap in the hierarchy of the fermion masses.
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Figure 3.10: Sketch of the mass hierarchies of third generation fermions compared to
the lower bounds on a fourth generation. As the third generation neutrino mass we show
the upper bound of the sum of all light neutrinos given by LSS. For discussion see the
text.
One would expect a similar spectrum for a fourth generation. With
each generation the charged fermions get larger Yukawa couplings and,
therefore, larger masses. As in the seesaw model the Majorana mass is
similar for the first three generations, it is reasonable to assume the same
for the fourth generation. Thus the fourth generation mass spectrum is
expected to show a similar gap between the neutrino and charged fermions
as in the third generation. However, as already pointed out in section 2.1,
the neutrino must be significantly heavier. In figure 3.10 the right column
gives the lower bounds on the fourth generation fermion mass spectrum as
discussed in section 2. Whereas the charged fermion masses agree with the
above statement, the neutrino mass changes dramatically compared to the
third generation. Although it does not necessarily contradict the existence
of a fourth generation, it is an open issue.
In section 3.1 stringent constraints on the size of the Majorana mass of
a fourth generation neutrino have been derived. For simplicity we shall
use the estimate of MR ∼ 1GeV for the fourth generation. Therefore, if one
relates the hierarchy with the Majorana mass, the hierarchy spans 16 orders
of magnitude. There is either a large hierarchy in the Dirac masses or a
large hierarchy in the Majorana masses. As the seesaw model has many
useful applications and implications, for example leptogenesis and large
Yukawa couplings, we will investigate a model that modifies the Majorana
masses. Another advantage is that the Majorana masses are not affected
by electroweak symmetry breaking scenarios. Hence we choose a natural
hierarchy of the Yukawa couplings with equal spacings:
y4 − y3 = y3 − y2 = y2 − y1 = 0.25, (3.58)
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Figure 3.11: Evolution of the Majorana mass from the LNV brane along the extradi-
mensional bulk to the branes where the neutrino generations are localized.
where the index indicates the neutrino generation. The fourth generation
has a Yukawa couplings of y4 = 1.
For the Majorana masses we use a model with extra dimensions that is
capable of softening large hierarchies. We adopt a model by Arkani-Hamed
and Dimopoulos [131] that introduces a brane in a distance r0 along an
extra dimension in addition to the SM. Approximate symmetries on our
SM brane, such as LNV in our case, can be maximally broken on such a
brane, which we will call LNV brane in our scenario. The information of
LNV on this brane, ΛLNV , gets transmitted along the extra dimension by a
bulk field χ that overlaps with any other brane. However, the information
carried by χ in terms of its vacuum expectation value 〈χ〉 decreases with
distance in the extra dimension as any interaction mediated by massive
particles:
〈χ〉 ∝ e−mχr. (3.59)
Consequently, the LNV strength at distant branes is smaller than the initial
scale ΛLNV . As the decrease is exponential, large hierarchies can be ex-
plained by reasonable spacings along the extra dimension. In our scenario
one right handed neutrino field for each generation is located between our
SM brane and the LNV brane, thus receiving a different amount of LNV.
This setup is sketched in figure 3.11.
The information of LNV is quantitatively given by the Majorana mass
terms of the four neutrino generations, and thus an exponential ansatz for
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i αi mi [GeV] Mi [GeV]
4 ∼ 43.7 246 247
3 9.6 5.0 · 10−11 6.7 · 1014
2 8.7 9.1 · 10−12 1.7 · 1015
1 ≤ 7.9 ≤ 4.1 · 10−12 ≥ 3.7 · 1015
Table 3.2: Localizations of the neutrino branes in the extradimensional bulk and cor-
responding mass eigenvalues for ΛLNV = 10
19GeV.
the Majorana masses along the extra dimension is chosen:
MR(r) = ΛLNVe
−r. (3.60)
Here r is the axis along the extra dimension.
The effective Majorana mass for the neutrino of generation i located at
a distance αi is
MRi = ΛLNVe
−αi . (3.61)
Assuming normal hierarchy, the Majorana masses are then constrained
by neutrino oscillation data (∆m212 and ∆m
2
13) for the first three generations
and by figure 3.3 for the fourth generation. The resulting localizations of
the neutrino branes are listed in Table 3.2.
The positions of the neutrino branes soften the hierarchy of the neutrino
Majorana masses in a significant way. Thus, in an extradimensional frame-
work the huge gap between first three and fourth generation is consider-
ably smaller. The seesaw mechanism applies for the first three generations
and the fourth generation remains a pseudo-Dirac neutrino as requested.
3.5 Summary
In this chapter we revisited bounds on the masses and mixings of an addi-
tional fourth generation Majorana neutrino with the assumption of nonzero
mixing to the electron neutrino. In section 3.1, such a neutrino was found
not yet to be excluded by neutrinoless double beta decay, if its mass is of
the order of hundreds GeV and the Majorana mass is small compared to its
absolute mass. Therefore, it must be a pseudo-Dirac type neutrino, which
is an object composed of two quasi-degenerate Majorana neutrinos. The
implications of this pseudo-Dirac nature was exemplified in section 3.2 by
showing the suppression of the lepton number violating process of like-
sign dilepton production at hadron colliders. The difficulty to distinguish
between pseudo-Dirac and pure Dirac neutrinos was shown. Turning to
bounds on the neutrino mixing matrix elements we extended the initial
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work [102] on the radiative decay of the muon by new experimental bounds
and with variable neutrino mass. We found this reaction dominating the
allowed parameter space in the Uµ4 −Ue4 plane. The variation of neutrino
mass has small impact on these bounds. It changes the values only slightly
and keeps the order of magnitude of the mixing matrix elements stable.
In section 3.4 we shed some light on possible solutions of the neutrino
mass hierarchy problem. We considered the hierarchy settled in the Majo-
rana sector and showed that in an extradimensional framework it can be
strongly softened from 16 orders of magnitude to only one.
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4. Baryon asymmetry of the
universe and new neutrino species
Nowadays, additional neutrino states, such as the fourth generation SU(2)
doublet neutrino [88, 90, 104, 132] or additional SU(2) singlet neutrinos are
introduced for various reasons. The latter ones pose cures for several is-
sues:
• neutrino oscillation anomalies observed in solar and reactor neutrino
oscillations and the LSND and MiniBooNE experiments [133–135],
• warm dark matter candidates [136,137],
• other attractive astrophysical properties such as the velocities of pul-
sars [138].
In the previous chapter we considered a complete sequential fourth
neutrino generation and derived bounds on its Majorana masses. Indepen-
dently from this analysis, we will investigate the impact of such a neutrino
in the field of early universe cosmology in this chapter.
The findings have been published as [139]:
S. Hollenberg, H. Päs, D. Schalla
Baryon asymmetry of the universe and new neutrino states
arXiv:1110.0948 .
Here, we will also allow neutrinos to have Majorana mass. On the
one hand, this preserves appealing features such as explaining the fermion
mass hierarchies but on the other hand the introduction of LNV Majorana
neutrinos poses a potential threat to the cosmology of the early universe,
namely baryogenesis [140].
In the universe the number of baryons and antibaryons is not equal. All
astrophysical structures observed are made of matter. Even if the universe
started with an initial primordial baryon asymmetry, inflation would have
diluted it, leaving no trace of any baryon asymmetry of the universe (BAU).
Therefore, some mechanism had to generate the asymmetry dynamically
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from initially zero to today’s value of [141, 142]
η ≡ nB − nB
nγ
= (6.1787± 0.0015) · 10−10, (4.1)
where nB, nB, nγ are the baryon, antibaryon and photon number density
of the universe, respectively. The mechanism generating this asymmetry is
called baryogenesis and there are numerous different models that aim to
archive the observed BAU. However these models work in detail, there are
three basic conditions that any model has to fulfill. These conditions were
introduced by Sakharov [143] and read:
1. Baryon number violation,
2. C and CP violation,
3. out-of-equilibrium interactions.
Condition 1 can be fulfilled within the SM in terms of sphaleron pro-
cesses [144]. These are nonperturbative processes in which a systems tun-
nels between two vacuum states with different baryon number. These tran-
sitions do not conserve baryon and lepton number separately but the com-
bination B− L. In principle, sphalerons convert any lepton asymmetry into
a baryon asymmetry and vice versa until they freeze out. Therefore, until
the freeze out, asymmetries of lepton and baryon numbers are connected.
As a consequence, it is possible to explain the BAU to be generated within
the lepton sector. This is called the baryogenesis via leptogenesis scenario.
The violation of charge conjugation and combined chargeconjugation
and parity symmetry as stated in condition 2 is also featured in the SM in
terms of the weak interaction, provided the CP phase is nonzero. However,
the SM3 does not provide the right amount of CP violation in order to
explain the observed asymmetry (see section 2.4). In leptogenesis scenarios
the source of CP violation lies within the leptonic sector by heavy right
handed neutrino decays via Yukawa interactions.
In principle, condition 3 can be realized by the electroweak phase tran-
sition. However, in the SM3 the transition tends to be not a strongly first
order phase transition that would be needed for a successful baryogenesis.
As mentioned in section 2.4 the SM4 can improve this issue. In leptoge-
nesis the departure from thermal equilibrium is given by the expansion
of the universe. If the heavy neutrino decay lifetimes are shorter than the
universe expands, the asymmetry is created at the time of nonequilibrium.
However, the following considerations do not depend on the specific
type of baryogenesis model. Here we discuss the impact of an additional
neutrino species on an pre-existing baryon asymmetry which may be cre-
ated at a high temperature, for example the GUT scale. Additional neu-
trinos can potentially erase such an excess by their LNV interactions that
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Figure 4.1: Feynman diagram of a typical ∆L = 2 scattering process potentially
capable of washing out any existing B− Lα asymmetries.
violate baryon number via sphaleron transitions. We will estimate this
washout by ∆L = 2 interactions [145, 146], which are elastic lepton Higgs
scatterings as depicted in figure 4.1.
Moreover, light neutrino states, such as discussed in the previous chap-
ter, freeze out at approximately their mass scale and, therefore, not during
the large range from GUT scale temperatures to the EWPT. Consequently,
the asymmetry must be protected for roughly 14 orders of magnitude,
which is a problem regarding the Majorana nature of these states (for re-
lated works, see for example [147–149]).
As in the previous chapter, the additional neutrino will have an elec-
troweak scale Dirac mass and be a pseudo-Dirac type neutrino. How-
ever, when considering the temperature regime mentioned above, the elec-
troweak symmetry is restored and the Higgs vacuum expectation value
vanishes. As the Dirac mass is proportional to the vacuum expectation
value the Dirac mass also vanishes above the EWPT. In contrast, the Ma-
jorana mass is not affected by this and we shall assume it to be invariant.
As already indicated in equation (3.20), the mixing angle between the two
flavor eigenstates, at low energies being maximal for pseudo-Dirac neutri-
nos, is proportional to the Dirac mass and therefore becomes zero, too. The
resulting bare mass eigenstates are zero and MR. As a consequence, in the
process shown in figure 4.1 only one neutrino propagates. Thus at tem-
peratures above the electroweak phase transition pseudo-Dirac neutrinos
behave exactly like light sterile neutrinos bearing only a Majorana mass.
The bounds obtained in this chapter are valid for both SU(2) doublet and
singlet neutrinos.
As mentioned above, these processes give rise to lepton number vio-
lating scattering processes such as the scattering of lepton doublets lL to
Higgs particles φ, for example lLφ ⇋ l
c
Lφ
c. The washout by this scattering
endangers a pre-existing asymmetry as long as they are in thermal equilib-
rium during the epoch between the GUT scale and the EWPT.
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As such a depletion should not have taken place to, at least, some extent,
these processes should either not come into thermal equilibrium or be weak
enough not to dilute the pre-existing B− L asymmetry at least down to the
electroweak scale where the sphalerons freeze out.
First, we will stick to the strong and more conservative criterion of out-
of-equilibrium scenario. A process takes place out-of-equilibrium at a tem-
perature T if its decay width Γ is smaller than the Hubble constant H:
Γ(T) < H(T). (4.2)
The Hubble constant is given by
H(T) =
√
8π3g∗
90
T2
mPl
, (4.3)
where mPl the Planck mass and g∗ the effective number of degrees of free-
dom.
In order to calculate the decay rate we must parameterize the thermally-
averaged scattering cross section. As in most models the neutrinos con-
sidered are much heavier, for example have masses at the GUT scale, we
must modify the propagator term compared to more common parameteri-
zations [150]:
〈σ|v|〉α ∼ κ2α
M2R
(T2 + m˜2)
2
= κ2α
1
M2R
z4(
1+ z
2m˜2
M2R
)2 , (4.4)
where z ≡ MRT . The index α denotes that the cross section affects the lep-
ton flavor α in which the pre-existing asymmetry has been generated. κα
denotes a generic coupling constant containing Yukawa couplings and neu-
trino mixing matrix elements which are model dependent. This cross sec-
tion suffices the Dirac limit for MR → 0, in which the cross section should
vanish as the Majorana mass is the only source of LNV. Thus for Dirac
particles there is no washout as required.
In the denominator of equation (4.4), which originates from the fermion
propagator of the exchanged neutrino, we use the thermal mass m˜ of the
particle [142, 151]. As the neutrino couples to the primordial plasma via
Yukawa interactions, it gains a mass proportional to its temperature. Thus
we use the thermally corrected mass m˜2 ≡ m20 + g2T2, where m0 is the bare
mass. This bare mass corresponds to the two mass eigenvalues and hence,
above the electroweak phase transition, the bare mass of the light neutrino
state can be taken to be zero and for the heavy state it is simply MR. The
interactions of the particles with the plasma come with a coupling strength
g. As stated above the mixing angle between the neutrino states is zero for
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temperatures above the electroweak threshold. Thus only the heavier of
the two mass eigenstates, with a mass of
m˜2 = M2R + g
2T2 = M2R
(
1+
g2
z2
)
, (4.5)
contributes to the cross section.
It can now be readily seen that in the limit z ≫ 1 we recover the
thermally-averaged cross section for GUT scale neutrino states given by
〈σ|v|〉α ∼ κ2α/M2R. (4.6)
With the appropriate scattering cross section at hand, we can write
down the relevant rate for the washout process:
Γα(T) ∼ nφ〈σ|v|〉α. (4.7)
Here Γα contains the number density nφ ≃ 2ζ(3)T3/π2 of Higgses in which
ζ is the Riemann zeta function.
The washout of lepton number Lα between GUT scale and electroweak
scale can then be calculated straightforwardly via
ln
(
Lα(zEW)
Lα(zGUT)
)
= − 1
H(z = 1)
∫ zEW
zGUT
dz′ z′nγ〈σ|v|〉α(z′), (4.8)
where nγ ≃ nφ is the photon number density.
We understand that CP violating out-of-equilibrium decays of the new
neutrino species prior to the electroweak phase transition could result in
the generation of considerable additional lepton asymmetry hence allevi-
ating its depletion in wash out processes. However, given the mass of the
hypothetical new neutrino states of some hundred GeV, their freeze out
occurs non-relativistically and thus roughly at the electroweak scale. We
therefore find such effects to be marginal and neglect them in our analysis.
In figure 4.2 the behavior of the rates given above is illustrated for a
certain set of parameters. As the washout is only effective in the regime
where Γα >∼ H the integration limits in equation (4.8) are chosen accord-
ingly. However, the effect of thermal masses only has minor impact on the
scattering rate and hence does not alter the bounds on the Majorana mass
significantly.
The result of the integration in equation (4.8) is shown in figure 4.3.
For certain masses the scattering cannot come into thermal equilibrium
until the electroweak scale and hence there cannot be any depletion of pre-
existing lepton number. This is the case for Majorana masses less than
(
MR
10 keV
)2
. 0.9×
(
1+ g2
κα
)2
×
(
TEW
246 GeV
)3
. (4.9)
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Figure 4.2: An illustrative plot of the rates involved in the freeze out of heavy additional
Majorana neutrino states as a function of temperature. The solid line gives the Hubble
rate H(T), the dashed (dotted) line represents the scattering rate Γα(T) with g = 0
(g = 1). The vertical line to the left marks the electroweak threshold TEW = 246 GeV,
the vertical line to the right marks the GUT threshold TGUT = 10
16 GeV. For illustrative
purposes a Majorana mass of MR = 10
6 GeV has been chosen.
Beyond this threshold lepton number violating scatterings can come into
equilibrium and pre-existing lepton number gets diluted away exponen-
tially as the neutrino mass increases. If, for instance, a drop in lepton
number by one order of magnitude is considered compatible, the bound
on the Majorana mass is relaxed to some MR ∼ 25− 50 keV.
As this bound on the Majorana mass of the pseudo-Dirac pair corre-
sponds to their mass splitting below the EWSB, the bounds obtained pre-
viously in section 3.1 from neutrinoless double beta decay searches are
improved by at least three orders of magnitude. It has to be understood
as a rough estimate, though, as it is subject to the exact values of Yukawa
couplings and PMNS matrix elements describing the mixing of the fla-
vor(s) in which the baryon asymmetry has been generated and the new
neutrino states. Taking this into account the results obtained in this chap-
ter apply for any additional Majorana neutrino species and constrain their
Majorana mass to be in the keV range. This, in turn, implies that any
additional species has to be of a pseudo-Dirac type by virtue of its small
Majorana mass unless the baryon asymmetry is generated at or below the
electroweak scale and/or flavor protected. Note, also, that the analysis pre-
sented here thus independently confirms our earlier findings in the context
of a complete sequential fermion generation.
In summary we have discussed the washout of a pre-existing or GUT
scale generated baryon asymmetry due to the presence of new neutrino
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Figure 4.3: The ratio of the lepton asymmetry at the electroweak scale and the GUT
scale as a function of the Majorana mass with g = 0 (solid) and g = 1 (dashed). The
generic coupling has been chosen to be κα = 1.
states. We find that pure Majorana neutrinos are limited to masses below
the order of ten keV. Such light neutrino states have to be SU(2) singlets to
avoid the bound from the Z boson decay width. Weak scale pseudo-Dirac
neutrinos are allowed only with tiny mass splittings of the order of ten keV.
Thus a fourth generation neutrino being affected by the Z boson width
bound has to be Dirac or pseudo-Dirac with very small lepton number
violation.
This analysis constrains a potential fourth generation neutrino indepen-
dently from the previous discussion of neutrinoless double beta decay but
with a similar result. It points to the conclusion, that fourth generation
neutrinos ought to be more Dirac than Majorana type, although a small
Majorana admixture cannot yet be excluded.
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5. Production of hadrons by
neutrinos scattering off nuclei
Beyond the standard model physics in the neutrino sector such as addi-
tional generations or sterile singlet neutrinos are considerably attractive as
the experimental constraints still remain soft, leaving space for various the-
oretical extensions. An important quantity regarding additional neutrino
states is the PMNS matrix. Assuming unitarity and precise knowledge of
its elements one could, in principle, determine missing oscillation proba-
bilities favoring such states. Although a three flavor PMNS matrix compat-
ible with unitarity does not rule out decoupled additional neutrino states,
it constrains its parameters. The smaller the uncertainties of the matrix
elements are the stricter the constraints get.
Some experiments measuring the PMNS matrix elements use neutrino
beams with energies in the order of a few GeV and determine the exact flux
of a nearby detector to be compared with the neutrino flux measured by a
far away detector. Some experiments just use a single detector. However
the specific setup may be, the neutrinos interact with the detector target via
both charged and neutral currents and produce leptons and hadrons that
subsequently produce detectable signals. From these final states, mostly
pions, the fluxes have to be reconstructed. Thus a precise theoretical un-
derstanding of all neutrino-detector interaction channels is essential for
determining the neutrino fluxes (see for example [152] for a recent review
of neutino-nucleus interactions).
The energy dependence of the major charged current interaction chan-
nels is given in figure 5.1. The dominant neutrino induced process at low
energies is charged current quasi-elastic scattering (CCQE)
νℓn→ ℓ−p, (5.1)
where the neutrino scatters on the nucleons without the production of fur-
ther particles.
The next dominant process for large energies is deep inelastic scattering
(DIS)
νℓq→ ℓ−q′. (5.2)
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Here the neutrino interacts with a single quark and creates new hadronic
final states.
The last two processes are important at intermediate energies. First,
there is coherent pion production
νℓN → ℓ−Nπ (5.3)
which has the unique characteristic that the neutrino interacts with the en-
tire nucleus without changing it. The exchanged boson produces a single
pion in the field of the nucleus. Albeit its distinct signatures as low mo-
mentum transfers, its cross section is too small to be plotted in figure 5.1.
The second and more important process at intermediate neutrino ener-
gies is resonant single pion production (CC1π), for example
νℓn→ ℓ−∆+ → ℓ−nπ+ (5.4)
νℓp→ ℓ−∆++ → ℓ−pπ+ (5.5)
where the neutrino excites the nucleons to a resonance, which decays and
emitts a single pion. Figure 5.2 shows the Feynman diagram of the neutrino
production of the ∆++ resonance, which will be the topic of this chapter.
First we present the common ansatz for calculating the cross section in
terms of structure functions and form factors. Then, we develop a new
approach for calculating the cross section for small momentum transfers
by the usage of the partially conserved axial-vector current (PCAC) that
does not rely on additional parameters. Combining these two methods we
compare the theoretical models with experimental data.
This improvement has been published as [153]
E. A. Paschos and D. Schalla
Neutrino production of hadrons at low energy and in the small Q2 region
Physical Review D84 (2011) 013004, arXiv:1102.4466 .
The calculation of isospin rotations, pion spectra, nuclear corrections
and their application to CP searches was published in [154]
E. A. Paschos and D. Schalla
Pion production by neutrinos in the delta resonance region and
possible application to CP searches
arXiv:1209.4219
as well as in [155]
E. A. Paschos and D. Schalla
Neutrino-induced pion production at low energies and in the small Q2 region
arXiv:1212.4662 .
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Figure 5.1: Contribution of each channel to the total charged current neutrino-nucleon
cross section as a function of neutrino energy. This figure is taken from [156].
p(p)
νµ(k) µ−(k′)
W+(q)
∆++(p′)
Figure 5.2: Feynman diagram corresponding to the production of the ∆++ resonance
via charged current neutrino proton scattering.
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5.1 Lalakulich-Paschos parametrization
The reaction we will restrict ourselves to is
νµ(k)p(p)→ µ−(k′)∆++(p′) (5.6)
and frequently used variables are
q ≡ k− k′, Q2 ≡ −q2, W2 = p′2 (5.7)
with Q2 being the momentum transfer and W the invariant mass of the
resonance.
In general we use the cross section and conventions defined in [157]
as it is the most common and transparent ansatz for calculating resonance
cross sections. An earlier approach is given in [158] which can be shown to
be equal in the case of zero masses but lacks of clearness and thus became
less used.
In the theory of [157], which will be sketched in this section, the differ-
ential cross section is decomposed into the product of a leptonic tensor Lµν
dotted with the hadronic tensorWµν:
dσ
dQ2dW
=
G2F|Vud|2
16π
W
mNE2
LµνWµν. (5.8)
The leptonic tensor is given by
Tµν = 4
(
kµk
′
ν + kνk
′
µ − gµν(k · k′)− iεµναβkαk′β
)
. (5.9)
The hadronic tensor is defined with six structure functions Wi with i =
1 ... 6 in a general Lorentz-invariant parametrization:
Wµν =−W1gµν + W2
m2N
pµpν − iεµνσλpσqλ W3
2m2N
+
W4
m2N
qµqν +
W5
m2N
(pµqν + qµqν) + i
W6
m2N
(pµqν − qµpν) . (5.10)
The structure functions Wi contain the hadronic interactions within the
nucleus including the excitation to resonants, for example the ∆++. With
this definition the cross section is given by
dσ
dQ2dW
=
G2F|Vud|2
4π
W
mNE2
{
W1(Q2 +m2µ)
+
W2
m2N
[
2(k · p)(k′ · p)− m
2
N
2
(Q2 +m2µ)
]
− W3
m2N
[
Q2(k · p)− 1
2
(q · q)
(
Q2 +m2µ
)]
−W4
m2N
m2µ
Q2 +m2µ
2
− 2W5
m2N
m2µ(k · p)
}
. (5.11)
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The structure functions Wi themselves depend on hadronic kinematics
and several form factors (see appendix A of [157] for exact formulae). In
general, there are three vector form factors CVi with i = 3, 4, 5 and four axial
form factors CAi with i = 3, 4, 5, 6 whose functional form rely on empirical
models fitted by experimental data. A recent analysis [159] proposes the
following values and functional forms for the delta resonance:
CV3 =
2.13(
1+ Q
2
M2V
)2 1
1+ Q
2
4M2V
(5.12)
CV4 =
−1.51(
1+ Q
2
M2V
)2 1
1+ Q
2
4M2V
(5.13)
CV5 =
0.48(
1+ Q
2
M2V
)2 1
1+ Q
2
0.776M2V
(5.14)
CA∆5 =
1.2(
1+ Q
2
M2A
)2 1
1+ Q
2
3M2A
(5.15)
CA∆6 =
m2N
Q2 +m2π
CA∆5 (5.16)
with MV = 0.84GeV and MA = 1.05GeV. The proportionality of the in-
duced pseudoscalar CA6 to C
A
5 and the pion pole is a consequence of PCAC
(see section 5.2). The superscript ∆ denotes that the Q2 = 0 value has been
determined by the Goldberger-Treiman relation [160]
CA∆5 (0) =
fπg∆√
3
≈ 1.2, (5.17)
where g∆ = 15.3GeV
−1 and fπ = 0.97mπ with mπ being the pion mass (see
appendix A of [159] for derivation).
The remaining axial form factors have found to be in good agreement
with:
CA3 = 0 C
A
4 = −
CA5
4
. (5.18)
The dominant contributions to the cross section are given by CV3 and C
A
5 .
The important structure functions are W1, W2 and W3. The contributions
of W4 and W5 to the cross section are proportional to the muon mass
squared and are therefore of minor importance (see equation (5.11)).The
relative contributions of the individual structure functions and form fac-
tors to the total cross section are illustrated in figure 5.3 for Eν = 1GeV.
Note that W1 can be associated with (CV3 )2, W2 with (CA5 )2 and W3 with
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Figure 5.3: Relative contributions to the cross section of each individual structure
function (left) and form factor (right) at E = 1GeV within the model [157]. The form
factors used are from [159] (see equations (5.14) and (5.18)). Thick line: total cross
section; thin line: W1 ((CV3 )2); dashed line: W2 ((CA5 )2); dotted line: W3 (CV3 CA5 );
dash-dotted line: remaining terms.
the vector-axialvector-interference term CV3 C
A
5 . The remaining structure
functions and form factors give very small contributions.
The vector current form factors have been determined with good ac-
curacy because the conserved vector current (CVC) hypothesis relates it
directly to electroproduction data which is well measured. They have been
determined in [159] and were applied in [161–163], for instance. The CVC
has been used to calculate the hadronic structure as mentioned in the ap-
pendix of [159].
The axial vector form factors are different as they cannot be determined
in the same way. They are usually assumed to have a modified dipole form
and their parameters are fitted to match the data. In contrast to the vector
current, the axial current and its matrix elements are not related to another
observable quantity. There is only PCAC which gives relations at small
values of Q2. This is also the region where the axial contributions are most
important. Therefore, it can be used to eliminate the difference between
predictions of cross sections and experimental measurements [161,164].
In the next section, a method based on PCAC is developed, which
avoids the necessity of form factors and hence, together with the CVC for-
malism for the vector current, increases the accuracy of the theory at small
Q2 with fewer free parameters.
5.2 PCAC approach
Calculating the cross section for small Q2 is particularly cumbersome be-
cause many quantities such as momentum transfer Q2, pion mass mπ and
the mass of the muon mµ are all of the same order of magnitude. The
approach we will follow in this section was first derived in [165] and later
applied in [166] for calculating coherent pion production by neutrinos. In
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this method the leptonic current is expanded in four polarization vectors.
Here we will neglect contributions of the two transverse polarizations as
the amplitude for Ap → pπ was found to be primarily longitudinal [167].
The remaining polarization vectors are the scalar polarization
ǫ
µ
l =
qµ√
Q2
(5.19)
and the helicity λ = 0 polarization
ǫ
µ
0 =
1√
Q2
(|~q| , 0, 0, q0) . (5.20)
The spin averaged absolute squared Matrix element consists of a lep-
tonic (Tµν) and a hadronic (Wµν) tensor:
|M|2 ∝ TµνWµν. (5.21)
As the kinematics of the leptonic current is identical to the one in the previ-
ous section the leptonic tensor is has already been defined in equation (5.9).
Projecting this tensor onto the polarization vectors leads to the follow-
ing density matrix elements:
L˜00 = ǫ
∗
0µT
µνǫ0ν = 2


[
Q2(2Eν − ν)−m2µ
]2
Q2 (Q2 + ν2)
−Q2 −m2µ

 (5.22)
L˜ll = ǫ
∗
lµT
µνǫlν = 2m
2
µ
Q2(2Eν − ν)− νm2µ
Q2
√
Q2 + ν2
(5.23)
L˜l0 = −ǫ∗lµTµνǫ0ν = 2m2µ
(
1+
m2µ
Q2
)
. (5.24)
The minus sign in L˜l0 comes from the mixing of space- and timelike polar-
ization vectors.
Handling the hadronic tensor and its projections is more difficult. Here,
we will use the PCAC hypothesis to calculate the needed matrix element
〈∆++|A+µ |p〉 for the production of the delta resonance. We introduce the
PCAC relations according to [168, 169]. As the axial current produces the
pion we identify the divergence of the current with the pion field φπ:
∂µA+µ = fπm2πφπ (5.25)
with the couling constant fπ = 93MeV. The current is partially conserved
because the divergence differs from zero only by the relatively small pion
mass. In this case we obtain useful results as q2 → 0.
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i
q2−m2π
−iA+µ =
β
α
jπi fπqµ
Figure 5.4: Feynman diagram of the replacement of a boson by a pion scattering on
external hadronic states.
In applications we need the pion source jπ, which we obtain by using
the Klein-Gordon equation in momentum space:(
−q2 +m2π
)
φπ(q) = jπ(q). (5.26)
We rewrite next equation (5.25):
∂µA+µ = − fπ
m2π
q2 −m2π
jπ(q). (5.27)
For small Q2 the Feynman diagram depicted in figure 5.4 leads to the
following matrix element of the axial current:
−i
〈
β
∣∣∣A+µ ∣∣∣ α〉 = (i fπqµ)
(
i
q2 −m2π
)
〈β | jπ(q) | α〉+
〈
β
∣∣Rµ ∣∣ α〉 . (5.28)
HereRµ is the additional smooth contribution beyond the dominating pion
pole. The divergence of the matrix element of an axial current between two
arbitrary external states (α and β) can be replaced by the product of the
four-momentum-transfer qµ with the matrix element of the current:〈
β
∣∣∣ ∂µA+µ ∣∣∣ α〉 = −iqµ 〈β ∣∣∣A+µ ∣∣∣ α〉 . (5.29)
Taking the divergence of equation (5.28) and using equation (5.27) for the
left-hand side we obtain an Adler-like relation:
− fπ m
2
π
q2 −m2π
〈β | jπ(q) | α〉 = − fπ q
2
q2 −m2π
〈β | jπ(q) | α〉+ qµ
〈
β
∣∣Rµ ∣∣ α〉
(5.30)
⇔ qµ 〈β ∣∣Rµ ∣∣ α〉 = fπ 〈β | jπ(q) | α〉 . (5.31)
With these equations we project next the hadronic current onto the po-
larization vectors:
ǫ
µ
0
〈
β
∣∣∣A+µ ∣∣∣ α〉 = iǫµ0 〈β ∣∣Rµ ∣∣ α〉 (5.32)
≈ i√
Q2
qµ
〈
β
∣∣Rµ ∣∣ α〉+O
(
Q2
ν2
)
(5.33)
=
i fπ√
Q2
〈β | jπ(q) | α〉 . (5.34)
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Note, that the pion pole in equation (5.32) vanishes exactly due to the or-
thogonality of ǫ
µ
0 and q
µ. Then we approximate in equation (5.33) the po-
larization vector ǫ
µ
0 with qµ/
√
Q2, which is satisfied for ν2 ≫ Q2. In the last
step we used equation (5.31).
Because the remaining polarization vector ǫ
µ
l is proportional to q
µ we
use equations (5.27) and (5.29) and obtain the exact relation
ǫ
µ
l
〈
β
∣∣∣A+µ ∣∣∣ α〉 = − i fπ√
Q2
m2π
q2 −m2π
〈β | jπ(q) | α〉 . (5.35)
Since we separated the pion pole in equations (5.28) and (5.30) we expect
that the remaining amplitudes will vary smoothly with Q2 for Q2 ≈ m2π.
With these equations we are able to calculate the contribution of the
axial current to the cross section:
dσA
dQ2dν
=
G2F|Vud|2
8π2
ν
E2ν
f 2π
Q2
{
L˜00 + 2L˜l0
m2π
Q2 +m2π
+L˜ll
(
m2π
Q2 +m2π
)2}
σ
(
π+α→ β) . (5.36)
As the pion source yields the cross section σ (π+α→ β), the neutrino pro-
duction cross section is a reflection of pion-target scattering. Note, that
the pion energy has to be identified with the invariant mass W. The con-
tributions of L˜ll and L˜l0 are proportional to the m
2
µ and will therefore be
neglected when calculating the axial contribution of the pion energy spec-
tra in section 5.6. However, for all differential cross sections dσ/dQ2 we
apply the full cross section including all terms.
Now we turn to the production of the delta resonance on a proton:
dσA(νµp→ µ−∆++)
dQ2dν
=
G2F|Vud|2
8π2
ν
E2ν
f 2π
Q2
L˜00σ
(
π+p→ ∆++) . (5.37)
Here we will use experimental data [170] because the pion cross section
σ (π+p→ ∆++) has been measured with high accuracy. Later, for calculat-
ing charge exchange processes we will use data [171] for the cross sections
π−p → π0n ⇔ π+n → π0p which already includes nonresonant back-
ground for this channel.
Next we compare the PCAC result with the traditional form factor ap-
proach for the delta resonance. Thus we use the definition of the current
given in equations (2.7) and (2.8) of [157] and keep only the axial terms that
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do not vanish when projected onto ǫ
µ
0 :
〈
∆++
∣∣∣A+µ ∣∣∣ p〉 =√3ψµ(p′)u(p)CA5 (Q2) +√3ψλqλu(p)qµCA6 (Q2)m2N (5.38)
=
√
3ψµ(p
′)u(p)CA5 (Q
2)
+
√
3ψλ(p
′)qλu(p)
[ −i fπqµ
q2 −m2π
〈
∆++
∣∣ jπ ∣∣ p〉+ qµg(q2)
]
.
(5.39)
Here we have written the pion pole explicitly and denoted the smooth
background by the function g(q2). Comparing this with equation (5.28) we
identify the remainder:〈
∆++
∣∣Rµ ∣∣ p〉 = −i√3ψµ(p′)u(p)CA5 (Q2)− i√3ψλ(p′)qλu(p)qµg(q2).
(5.40)
The relevant contribution according to equation (5.31) for the cross section
comes from
qµ
〈
∆++
∣∣Rµ ∣∣ p〉 = fπ 〈∆++ ∣∣ jµ ∣∣ p〉 (5.41)
= −i
√
3ψµ(p
′)qµu(p)
[
CA5 (Q
2) + q2g(q2)
]
(5.42)
and consequently contains both terms from CA5 (Q
2) and part of CA6 (Q
2).
For q2 ≈ O(m2π) the term q2g(q2) will be small and vanishes for Q2 → 0.
This shows that in this limit CA5 (0) is determined by PCAC. This is known
as the off-diagonal Goldberger-Treiman relation [160].
We have shown the equivalence of the PCAC based cross section equa-
tion (5.37) and the form factor ansatz of equation (5.11) within the PCAC
domain. As PCAC is valid for ν2 ≫ Q2 and energies Eν ∼ O(1GeV) the
validity is restricted to the low momentum transfer region
Q2 . 0.2GeV2. (5.43)
5.3 Adler sum rule
A crucial test of neutrino-nucleon scattering reactions is the Adler sum
rule [172,173] that follows from current algebra and is valid for all momen-
tum transfers: [
gA(Q
2)
]2
+
∫ ∞
νth
dν
[
WA2,νn −WA2,νp
]
= 1. (5.44)
The subscript of structure functions denotes whether the neutrino scatters
off a proton or neutron. The quantity gA(Q
2) is the 〈p|A+µ |n〉 vertex and is
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given by
gA(Q
2) =
−1.26(
1+ Q
2
M2A
)2 (5.45)
with the axial mass MA = 1.0GeV.
By comparing the PCAC cross section equation (5.37) with the parame-
trized cross section equation (5.11) we find in for mµ → 0:
WA2,νp/n =
2 f 2π
π
ν
Q2 + ν2
σ
(
π+p/n→ X++) . (5.46)
Thus the Adler sum rule reads
[
gA(Q
2)
]2
+
2 f 2π
π
∫ ∞
νth
dν
ν
Q2 + ν2
[
σπ−p(ν)− σπ+p(ν)
]
= 1. (5.47)
For Q2 → 0 this equation reduces to the Adler-Weisberger relation [172,
174].
As data we use the large compilation given by the PDG [170]. As there
is no direct measurement of π+n scattering as requested in equation (5.46)
we use π−p scattering data which are identical by isospin rotation.
The limits of the integration are
νth =
m2π + 2mNmπ + q
2
2mN
< ν < 1.6GeV, (5.48)
where we have truncated the integral to restrict ourselves to the delta res-
onance. The numerical results of each term of equation (5.47) are shown
in figure 5.5. At higher values of Q2 the contributions defined in equa-
tion (5.47) do not match the sum rule due to increasing contributions from
high energy processes (HE) like multipion production. In addition to res-
onance production (RES) and quasi-elastic scattering (QE) the remaining
difference gives an insight into the Q2 dependence of HE contribution.
However, in an independent approach the HE part was determined by
interpolating the quark distribution functions to the small Q2 region [175].
The suggested formula for the HE contributions is [176]:
δWA2 = HE = 2
Q2 + 0.19
Q2 + 0.29
− Q
2 + 0.25
Q2 + 0.20
, (5.49)
where Q2 is given in GeV. As seen in figure 5.5 this model matches the sum
rule with remarkable accuracy. For lowmomentum-transfers it is negligible
and the value of the Adler sum of 1.016 at Q2 = 0 states the precision of
our PCAC ansatz.
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Figure 5.5: Solid line: Sum of the contributions to the Adler sum rule; dashed line: form
factor gA contribution; dotted-dashed line: integrated resonance contribution; dotted
line: high energy contributions (Bodek-Yang interpolation).
5.4 Differential cross section
Having the axial part of the cross section for the neutrino production of
the delta resonance in form of equation (5.37) at hand we are now able to
calculate the differential cross section dσ/dQ2. For that purpose we combine
both the form factor and the PCAC approach to obtain a full description.
However, we are still restricted to the low Q2 region. Following the idea to
use the best theory (for example with less free parameters and more accu-
rate input data) for each part of the cross section, we declare our procedure
as follows:
1. Use for the axial current the PCAC relation of equation (5.37) with
the appropriate data as input.
2. For all vector and the additional axial contributions use the form fac-
tor approach of equation (5.11) with the form factors given in equa-
tions (5.12-5.16) except the contribution of (CA5 )
2 to avoid double
counting the PCAC cross section.
3. Extract the values CA5 (Q
2) from the PCAC formula and then use
it as an input for the vector-axialvector interference terms in equa-
tion (5.11).
This way we avoid the uncertainty of the CA5 functional form and param-
eters by using experimental inputs with high statistics. The vector form
factors have been sufficiently determined. Thus the final step is to extract
numerical values of the axial form factor CA5 from the PCAC formula equa-
tion (5.37).
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Figure 5.6: Comparison of different CA5 (Q
2) shapes. Solid line: extracted from PCAC
formalism, dashed: as defined in equation (5.15), dotted: as used in [157]: CA5 (Q
2) =
1.2(1+ Q2/M2A)
−2(1+ 2Q2/M2A)−1.
Therefore, we start by keeping solely the axial contribution of W2 from
equation (A.2) from [157]
WA2 = 2
m2N
M2R
(
CA5
)2
[ν+mN + MR] δ
(
W2 −M2R
)
(5.50)
where MR is the mass of the resonance. For the delta function we use the
Breit-Wiegner form (equation (2.6) of [157])
δ
(
W2 −M2R
)
=
MRΓR
π
1
(W2 −M2R)2 + M2RΓ2R
(5.51)
where ΓR the decay width given by equation (2.13) of [157]:
ΓR = Γ0
(
pπ(W)
pπ(MR)
)3
(5.52)
with Γ0 the experimental decay width of the resonance. The pion momen-
tum is given by
pπ(W) =
1
2W
√(
W2 −m2N −m2π
)− 4m2Nm2π. (5.53)
With these definitions we integrate the structure function of equation (5.50)
over ν in the same range as at the Adler sum and equating this with the
same integral over the PCAC relation equation (5.46) we obtain numerical
values of CA5 (Q
2) as shown in figure 5.6. Here two additional common
functional forms of CA5 have been plotted for comparison.
Again we use data for the cross section π+p→ ∆++ as the non-resonant
background of this reaction is small. This is confirmed by a phase-shift
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Figure 5.7: Contributions to the total cross section at Eν = 1GeV with no cuts.
analysis of pion nucleon scattering [177] (see table IV and figure 2 of this
reference). Additional I = 3/2 resonances next to the P33(1232) delta reso-
nance are P33(1600), S31(1620) and D33(1700) whose masses are separated
from the delta resonance resulting in negligible contributions in our energy
domain.
Note, that the Q2 = 0 value
CA5 (Q
2 = 0) = 1.08 (5.54)
is in good agreement with the predicted value 1.2 of the off-diagonal Gold-
berger-Treiman relation. Many groups [178–182] rely on this relation using
the value 1.2 while some [162, 163] prefer smaller values down to 0.87 due
to calculations from experimental data. This small value has been corrected
to a larger value CA5 (0) = 1.10± 0.08 after studies of backgrounds and a
simultaneous fit of both BNL and ANL data [179,180].
Compiling all parts we are now able to calculate the differential cross
section dσ/dQ2. This is shown exemplarily in figure 5.7 for a fixed neutrino
energy Eν = 1GeV. Here the three major contributions are shown sepa-
rately, together with minor contributions from the remaining terms, and
they add up to the total cross section.
As the cross section has been calculated only for neutrinos scattering on
protons we can compare it to experimental measurements from old bubble
chamber experiments [183, 184] where the data is directly given per nu-
cleon. In contrast, later experiments use complex nuclear targets for which
our calculation has to be extended by isospin rotations (see section 5.5) and
nuclear corrections for pion rescattering (see section 5.7). In figure 5.8 we
compare the measurement [183] of the Argonne experiment (ANL). Here
we weighted the theoretical prediction with the ANL flux and performed
a W < 1.4GeV cut as this was done in the experimental analysis as well.
Figure 5.9 shows a similar comparison with the Brookhaven (BNL) experi-
ment. We calculated the measured cross section from the event rates given
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Figure 5.8: Contributions to the total cross section for the reaction νµp → µ−pπ+
with the ANL flux with W < 1.4GeV.
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Figure 5.9: Contributions to the total cross section for the BNL flux withW < 1.4GeV.
in [184] by using the transformation coefficient derived in [163]. Both pre-
dictions are close to the experimental data. Note, that we did not include
nonresonant background in our calculations for the channel νµp→ µ−pπ+
because in electroproduction the analyses [185, 186] found in comparison
of the channels ep→ epπ0 and ep→ enπ+ the nonresonant background is
less than 10%. In our case there is only the I = 3/2 amplitude.
Finally, we compare our prediction with the high energy neutrino beam
of the Fermilab (FNAL) 15-ft bubble chamber measurement [187] at Eν =
25GeV. Again the prediction is in good agreement with the experimental
data as shown in figure 5.10.
5.5 Isospin relations
In the previous section we have discussed the cross section of neutrinos
scattering off protons. Today’s experiments are sensitive to various re-
actions such as the scattering of both neutrinos and anti-neutrinos via
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Figure 5.10: Total cross section for the FNAL 15-ft experiment with W < 1.4GeV.
The neutrino energy is fixed at Eν = 25GeV.
charged (CC) as well as neutral currents (NC). Furthermore, the target
consists of more complex nuclear materials, for example mineral oil, where
also neutrons contribute. In this section we will derive estimates of these
cross sections from isospin rotations of the particle and gauge multiplets.
We use the multiplets in the following form:
I =
1
2
:
(
p
n
)
I3 = +1/2
I3 = −1/2 (5.55)
I = 1 :

W+W0
W−

 I3 = +1I3 = 0
I3 = −1
. (5.56)
We start by defining our reference amplitude of the neutrino proton CC
production of any I = 3/2 resonance X with the definition J+ = J1 + i J2:
〈
X++
∣∣ J+ ∣∣ p〉 = √2〈X++ ∣∣∣∣ 1√2
(
J1 + i J2
) ∣∣∣∣ p
〉
(5.57)
=
√
2a 3
2
≡ ref. (5.58)
For the reaction with anti-neutrinos νµp→ µ+X0 we get
〈
X+
∣∣ J− ∣∣ p〉 = √2
[
1√
3
a 3
2
−
√
2
3
a 1
2
]
(5.59)
=
1√
3
ref− 2√
3
a 1
2
. (5.60)
We will keep only the I = 3/2 amplitudes leading to an overall factor of 1√
3
to the amplitudes derived in the previous section regarding the reaction
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νµp → µ−X++. Furthermore, the sign of W3 must be inverted for all anti-
neutrino induced reaction due to its interference nature.
Turning to the neutron amplitudes we get by rotation for νµn→ µ−X+:
〈
X+
∣∣ J+ ∣∣ n〉 = √2
[
1√
3
a 3
2
+
√
2
3
a 1
2
]
(5.61)
=
1√
3
ref+
2√
3
a 1
2
, (5.62)
and for νµn→ µ+X− 〈
X−
∣∣ J− ∣∣ n〉 = √2a 3
2
= ref, (5.63)
where, again, the sign ofW3 has to be inverted.
Before relating the NC cross sections to the reference amplitude, the
currents must be treated differently, raising from the NC Hamiltonian
Heff. = GF√
2
νγµ (1− γ5) ν
[
xV3µ + yA
3
µ + γV
0
µ
]
, (5.64)
where x = 1− 2 sin2 θW , y = −1 and γ = − 23 sin2 θW with θW being the
Weinberg angle. Consequently, the vector and axial-vector parts, for exam-
ple form factors, must be scaled accordingly:〈
X+
∣∣∣ JNCµ ∣∣∣ p〉 = x 〈X+ ∣∣∣V3µ ∣∣∣ p〉+ y 〈X+ ∣∣∣ A3µ ∣∣∣ p〉+ γ 〈X+ ∣∣∣V0µ ∣∣∣ p〉 .
(5.65)
This leads to the following Clebsch-Gordan coefficients (CGC) for proton
scattering
〈
X+
∣∣∣V3µ ∣∣∣ p〉 = 〈X+ ∣∣∣ A3µ ∣∣∣ p〉 =
√
2
3
a 3
2µ
− 1√
3
a 1
2µ
(5.66)
=
1√
3
ref− 1√
3
a 1
2µ
(5.67)
and for neutron scattering
〈
X0
∣∣∣V3µ ∣∣∣ n〉 =
√
2
3
a 3
2µ
+
1√
3
a 1
2µ
(5.68)
=
1√
3
ref+
1√
3
a 1
2µ
. (5.69)
Neglecting I = 1/2 contributions the cross section for NC on proton and
neutron are equal. As the NC is its own isospin rotated counterpart, the
cross section for anti-neutrinos contains the same coefficients as for neu-
trinos. However, the sign of W3 is inverted for anti-neutrinos. Note also,
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reaction current W3× mℓ CGC CAi × CVi ×
νµp→ µ−X++ CC +1 mµ 1 1 1
νµp→ µ+X0 CC -1 mµ 1/√3 1 1
νµn→ µ−X+ CC +1 mµ 1/√3 1 1
νµn→ µ+X− CC -1 mµ 1 1 1
νµp→ νµX+ NC +1 0 1/√3 y x
νµp→ νµX+ NC -1 0 1/√3 y x
νµn→ νµX0 NC +1 0 1/√3 y x
νµn→ νµX0 NC -1 0 1/√3 y x
Table 5.1: Summary of changes for various reactions regarding to neutrino proton
scattering as derived in section 5.4. CGC denotes the overall factor given by the Clebsch-
Gordan coefficients derived in the text and C
A(V)
i × the factors for each axial (vector)
form factor.
that for NC reactions the outgoing lepton mass mℓ is vanishing because
the neutrino remains a neutrino whereas in CC reactions it turns into a
charged lepton.
These CGCs, form factor scaling factors and other properties are sum-
marized in table 5.1. As in experiments only the decay products of the
produced resonances are measured, the additional CGCs for the subse-
quent reactions have to be included. They are listed in table 5.2 and will be
discussed in section 5.7 .
For comparison of the various differential cross sections dσ/dQ2 for pion
productions, figure 5.11 shows the charged current and figure 5.12 the neu-
tral current reactions for an exemplary neutrino energy of Eµ = 1GeV.
As shown in figure 5.7 the vector and the axial-vector-vector interfer-
ence contributions are of comparable size. Thus for anti-neutrino reactions,
where the interference term is inverted, they cancel each other with only
a small remainder. As a consequence, these reactions are dominated by
the axial contribution offering tests for various axial models including our
PCAC approach. By choosing the corresponding input data for charge-
exchange cross sections, nonresonant background is already included in
the PCAC contribution avoiding tedious additional calculations, as needed
in other approaches.
5.6 Pion spectra
In order to experimentally identify and measure the reactions considered, it
is necessary to calculate the energy spectrum and the angular distribution
of the produced pions. These quantities – pion energy and angle – are
measured in the laboratory frame. As our cross section in the form of
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reaction CGC
∆++ → pπ+ 1
∆+ → pπ0 √2/3
∆+ → nπ+ √1/3
∆0 → pπ− √1/3
∆0 → nπ0 √2/3
∆− → nπ− 1
Table 5.2: Decays of the delta resonances and their Clebsch-Gordan coeffcients.
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(b) νµp→ µ+nπ0
0.00 0.05 0.10 0.15 0.20
0
2
4
6
8
Q2 @GeV2D
dΣ
d
Q2
@1
0-
39
cm
2 G
eV
2 D
(c) νµn→ µ−pπ0
0.00 0.05 0.10 0.15 0.20
0
2
4
6
8
Q2 @GeV2D
dΣ
d
Q2
@1
0-
39
cm
2 G
eV
2 D
(d) νµn→ µ+nπ−
Figure 5.11: Charged current differential cross sections for Eν = 1GeV.
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(a) νµp(n)→ νµnπ+(pπ−) (solid)
νµp(n)→ νµpπ0(nπ0) (dashed)
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(b) νµp(n)→ νµnπ+(pπ−) (solid)
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Figure 5.12: Neutral current reactions at Eν = 1GeV.
equation (5.37) factorizes the leptonic and the hadronic part in terms of the
cross section σπ+p we first have to derive the pion spectrum for this part.
The angular distribution is given by [188]:
dσ
dΩcm
= σπ+p(W)
1+ 3 cos2 θcm
8π
(5.70)
where the subscript cm denotes that the differential cross section is in
the center of mass frame. To obtain the corresponding observables and
cross sections in the laboratory frame (lab) we calculated the correspond-
ing Lorentz boost (see appendix). The cross section σπ+p(W) is, again,
given by experimental data [170].
Including the differential form of the pion cross section we can write
down the axial part of the triple differential cross section
dσA
(
Eν,Q
2,W, Elabπ
)
dQ2dWdElabπ
=
G2F|Vud|2
8π2
W
mN
(
ν
E2ν
L˜00
Q2
f 2π
)
dσπ+p(W)
dElabπ
. (5.71)
This cross section is shown in figure 5.13 for some fixed values as a func-
tion of W. Note, that the irregular form reflects the experimental data as
the invariant mass is directly related to the pion energy as indicated in
equation (5.53).
First, we integrate over W. The integration limits are given by
W2 = m2N −m2π + 2(mN + ν)Elabπ − 2
√
Q2 + ν2plabπ cos θlab. (5.72)
considering forward-/backward scattering. The resulting double differen-
tial cross sections are given in figure 5.14 as a function of pion energy Elabπ
and in figure 5.15 as a function of Q2.
An interesting question is the difference between muon and electron
neutrino induced cross sections. Now having a formalism for the cross
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Figure 5.13: Differential cross section.
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Figure 5.14: Differential cross section after W-integration for fixed momentum trans-
fers Q2
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Figure 5.15: Differential cross section after W-integration for fixed pion energies Elabπ .
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Figure 5.16: Comparison of muon (solid) and electron (dashed) neutrino or antineu-
trino cross section for various energies Eν,ν = 1, 2, 5, 10GeV (bottom to top).
sections at hands, we can use the full cross section given by equation (5.36)
and the contributions from all terms – vector, axial and interference – in
order to calculate dσ/dQ2 for the two cases. The results are shown in fig-
ure 5.16. The impact of the neutrino mass is, as expected, smaller for larger
momentum transfers and neutrino energies. Furthermore, the neutrino and
antineutrino cross sections merge together for Q2 → 0.
5.7 Nuclear corrections
For calculating the cross section of pion production by neutrinos scatter-
ing off complex nuclei, for example carbon CH2 at MiniBooNE, one has to
consider each process that occurs. The dominant channel is the pion pro-
duction via the delta resonance. Thus we can divide our treatment in the
following subsequent steps:
1. The neutrino interacts with a proton or neutron of the nucleus and
produces the delta resonance.
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2. The resonance decays into pions.
3. The pions may rescatter on other constituents of the nucleus and get
emitted.
The MiniBooNE collaboration measured the production of charged pions
(π+) [189] and neutral pions [190] via CC neutrino interactions. The first
step, obtaining the cross sections on protons and neutrons, has been com-
puted in the previous sections. Next we consider the decay of the produced
delta resonances. For this we introduce the particle multiplets
I =
3
2
:


∆++
∆+
∆0
∆−


I3 = +3/2
I3 = +1/2
I3 = −1/2
I3 = −3/2
(5.73)
I = 1 :

π+π0
π−

 I3 = +1I3 = 0
I3 = −1
. (5.74)
There are three reactions that produce pions:
νµp→ µ−∆++ → µ−pπ+ (5.75)
νµn→ µ−∆+ → µ−pπ0 (5.76)
νµn→ µ−∆+ → µ−nπ+. (5.77)
As mentioned earlier, table 5.2 shows all the decays of the delta resonance
and their Clebsch-Gordan coefficients.
Without nuclear corrections one could, in principle, build the incoherent
sum of all nucleons of the CH2 molecule. However, most of the pions
are produced within the large carbon nucleus and might rescatter before
leaving it. Thus the the pions produced in the decay of the resonances, the
initial pions πi, partially produce in subsequent reactions different pions
π f with altered quantum numbers (for example I3). We will follow the
model of Adler, Nussinov and Paschos (ANP) [191] that is based on an idea
of Fermi [192] for neutron diffusion. It solves the problem of rescattering
by a stochastic consideration, as described in [193]. Within the nucleus,
the pion is considered to be able to move one scattering mean free path
l f in a random direction. If, after this length, it is still located within the
nucleus, it has a probability 1/N of being captured. If this is not the case,
this pattern repeats as long as either the pion left the nucleus or it is finally
captured. In a one-dimensional toy model with only one direction z the
probability Pf (z) of escaping the nucleus is then given by the differential
equation [193]
Pf (z) =
1
2
e
−−zl f +
N − 1
2Nl f
∫ a
0
Pf (z
′)e
− |z−z′ |l f dz′, (5.78)
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where the first term is the direct escape of the pion and the last term con-
tains the rescattering probability. However, the ANP model [191] employs
elaborate assumptions on scatterings and three-dimensional nuclei for cal-
culating the nuclear corrections. Note, that the ANP model follows the
assumption that the rescattering can be separated from the leptonic part,
making the nuclear corrections only dependent on the kinematics of the
produced pions and the properties of the target material. Then the initially
produced pions can be altered by either scattering within the nucleus or
being absorbed. The detected pions π f are therefore reduced by absorp-
tion by Pauli blocking, expressed by the absorption coefficient A and the
charges twisted, expressed by the material dependent rotation matrix M.
The analysis showed the following ansatz for the nuclear corrections and
values for the charge-exchange matrix for carbon [194]:

π+f
π0f
π−f

 = M(C126 )

π+iπ0i
π−i

 = A(Q2)

0.83 0.14 0.040.14 0.73 0.14
0.04 0.14 0.83



π+iπ0i
π−i

 . (5.79)
The absorption A is difficult to determine and depend on Q2:
A(Q2 = 0.05GeV2) = 0.71 (5.80)
A(Q2 = 0.20GeV2) = 0.79 (5.81)
A(Q2 = 0.40GeV2) = 0.81. (5.82)
Due to nondiagonal elements of the matrix M also reactions producing
initial π0 particles, see equation (5.76), contribute to the total π+ cross
section on carbon. The final yield of π+ for the CH2 molecule is indicated
by Σ
f
π+
and is obtained from
Σ
f
π+
= A(Q2)
{
0.83
[
Σ
p
π+
+ Σnπ+
]
+ 0.14Σnπ0
}
6+ 2Σ
p
π+
(5.83)
. (5.84)
The last term 2Σ
p
π+
includes the scattering on H2 which, for the scales of
the problems, is far away from the carbon. The cross sections within the
brackets are defined as
Σ
p
π+
=
dσ
dQ2
(
νµp→ µ−pπ+
)
(5.85)
Σnπ+ =
dσ
dQ2
(
νµn→ µ−nπ+
)
(5.86)
Σnπ0 =
dσ
dQ2
(
νµn→ µ−pπ0
)
(5.87)
which we call the initial or primitive cross sections. The bars over the cross
sections indicate averaging over the flux for 0.50GeV ≤ Eν ≤ 2.00GeV as
indicated in the experimental analysis [189].
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Figure 5.17: Total flux weighted charged and neutral pion cross sections for the Mini-
BooNE experiment with W < 1.4GeV. Nuclear corrections with A = 1.0, 0.9 and
0.8 (top to bottom). The dashed curve represents the cross section without nuclear
corrections.
We are now able to calculate the cross section for charged current neu-
trino induced π+ production on CH2. The result is shown in figure 5.17(a)
for different absorption coefficients and also without nuclear corrections.
The corrections lower the cross section but still keeping them in agreement
with the experimental measurement [189]. To take into account the I = 1/2
background for the vector current, we augmented the CV3 form factor by
5% in these plots, which is a rather conservative estimate [185].
With the same method we calculate the cross section and nuclear cor-
rections to the MiniBooNE measurement of neutral pion production [190].
Here the final yield Σ
f
π0
of π0:
Σ
f
π0
= A(Q2)
{
0.73Σnπ0 + 0.14
[
Σ
p
π+
+ Σnπ+
]}
6. (5.88)
The primitive cross sections are identical to the ones in the charged pion
yield. The flux averaged cross section for π0 production at MiniBooNE is
presented in figure 5.17(b) in comparison to the experimental data [190].
The curves indicating the cross sections without nuclear corrections are
obtained by choosing the transport matrix in equation (5.79) as the unity
matrix. Although the neutral pion cross section does not agree with the
data as accurate as the charged pion cross section does, it still remains in
close agreement, considering the larger errors and kinematic bins. Note,
that for the charged pion cross section, the nuclear corrections decrease the
yields, whereas for neutral pions the yields are increased. This is under-
stood from figures 5.11. The π+ cross sections themselves are larger than
the π0 cross sections resulting in this feature by the composition of the fi-
nal yields. This feeding of the neutral pion yield by initial charged pions is
essential.
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Interestingly, the most frequently used event generator GiBUU [195]
contradicts this feature [196–199] leading to predictions well below the ex-
perimental data. In both charged and neutral pion production their uncor-
rected cross sections match better with the data than the corrected ones,
which, in both cases, are too small.
5.8 CP searches
The relations and yields of pions in neutrino oscillation experiments can
help to determine the rather unknown CP phase of the PMNS matrix. To
see the impact of such a CP violating phase we first examine the structure
of the PMNS matrix.
The neutrino mixing matrix matrix U is constructed considering the
charged current Lagrangian
Lcc = g√
2
∑
ℓ
∑
α
UℓαℓLγ
µναLW
−
µ + h. c.. (5.89)
Following the argumentation of [111, 200, 201], we assume, for now, n gen-
erations of neutrinos. Then the unitary matrix U has n2 entries, namely
1
2n(n− 1) mixing angles and 12n(n+ 1) phases. However, as for Dirac neu-
trinos the Lagrangian (5.89) is invariant under the transformations
ναL → eiθαναL Uℓα → e−iθαUℓα (5.90)
so that n phases of the mixing matrix can be absorbed by neutrino fields.
Additionally, n phases can be absorbed by the charged lepton fields by the
rephasings
ℓL → eiφℓℓL Uℓα → eiφℓUℓα. (5.91)
Considering the constraint θα = φℓ these redefinitions eliminate 2n − 1
unphysical phases leaving
1
2
(n− 1)(n− 2) (5.92)
physical phases for Dirac neutrinos. Therefore, CP violation is only possi-
ble for n > 2.
In the case of Majorana neutrinos the phases cannot be absorbed into
the neutrino fields, as done in equation (5.90) for Dirac neutrinos, because
Majorana fields are self-conjugate. Therefore, the number of phases for
Majorana neutrinos is
1
2
n(n− 1). (5.93)
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As a consequence, CP violation is already possible for n > 1.
However, in neutrino oscillation parameters the only exists one CP
phase δ which is the Dirac phase. The Majorana phases are only present in
LNV processes, such as 0νββ. The common parametrization of the PMNS
matrix is as follows:
U =

1 0 00 c23 s23
0 −s23 c23



 c13 0 s13e−iδ0 1 0
−s13eiδ 0 c13



 c12 s13 0−s12 c12 0
0 0 1

 (5.94)
=

 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 , (5.95)
where sij = sin θij and cij = cos θij.
The most recent fits of the mixing angles and mass differences (assum-
ing normal hierarchy) are [202]:
sin2 θ12 = 0.30± 0.013 (5.96)
sin2 θ23 = 0.41
+0.037
−0.025 (5.97)
sin2 θ13 = 0.023± 0.0023 (5.98)
∆m221 = (7.50± 0.185) · 10−5 eV2 (5.99)
∆m231 = 2.47
+0.069
−0.067 · 10−3 eV2. (5.100)
The CP phase δ remains unconstrained within its errors.
With these definitions and the values at hand the oscillation probability
of a neutrino of flavor α to flavor β is given by
P(να → νβ) =
∣∣∣∣∣∑
j
U∗αjUβje
−i
m2
j
2E L
∣∣∣∣∣
2
(5.101)
=δαβ − 4∑
i>j
ℜ
[
U∗αiUαjUβiU
∗
βj
]
sin2
(
∆m2ij
4E
L
)
+ 2∑
i>j
ℑ
[
U∗αiUαjUβiU
∗
βj
]
sin
(
∆m2ij
2E
L
)
. (5.102)
Here the mass squared difference is defined as ∆m2ij ≡ m2i −m2j . Its baseline
dependence for a maximal CP phase is shown in figure 5.18(a).
To measure CP violation with fixed detectors one can use the difference
of neutrino and antineutrino oscillation originating from the CP phase.
This difference is defined and given by [203]:
∆Pνναβ ≡ P(να → νβ)− P(να → νβ) (5.103)
= −16Jαβ sin∆12 sin∆23 sin∆31, (5.104)
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Figure 5.18: Baseline dependence of probabilities at a beam energy of Eν = 1GeV
assuming a maximal CP phase δ = π2 .
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Figure 5.19: Probabilities at the MINOS average beam energy of Eν = 17GeV with a
baseline of L = 731 km depending on δ.
where ∆ij ≡
∆m2ijL
4E and Jαβ = ±J with positive sign for cyclic and negative
sign for anticyclic permutation of flavors and
J ≡ s12c12s23c23s13c213 sin δ. (5.105)
This difference of neutrino and antineutrinos is shown in figure 5.18(b). To
exemplify the impact of varying δ we show this quantity in figure 5.19 with
the MINOS experiment specifications.
Next, we will develop a way to help determining the CP phase δ. We
will make use of the charge symmetries derived in the previous chapter 5.7
and extend them to antineutrinos in order to calculate the yields of pions
from neutrino and antineutrinos.
To calculate the yields of final state pions we collect the appropriate
CGCs from tables 5.1 and 5.2 and obtain, for instance, the π+ production
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yields
reactions π+ π0 π− standard cross section
charged currents
νµ(p+ n) 0.953 0.318 0.075 σ(νµp→ µ−∆++)
νµ(p+ n) 0.075 0.318 0.953 σ(νµn→ µ+∆−)
neutral currents
νµ(p+ n) 0.473 1.06 0.473 σ(νµp→ νµ∆+)
νµ(p+ n) 0.473 1.06 0.473 σ(νµp→ νµ∆+)
Table 5.3: Yields for neutrinos and antineutrinos including nuclear corrections.
cross section in terms of our standard cross section:
σ(νµn→ µ−∆+ → µ−nπ+) = 1
9
σ(νµp→ µ−∆++). (5.106)
Similarly, we collect the yields taking all reaction into account:
π+iπ0i
π−i


(p+n)
=

1092
9
0

 σ(νµp→ µ−∆++). (5.107)
This we use as the initial vector of equation 5.79 and, calculating the prod-
uct with the transition matrix, we arrive at:

π+f
π0f
π−f


(p+n)
= A

0.9530.318
0.075

 σ(νµp→ µ−∆++). (5.108)
For antineutrinos we obtain initial pion vector:
π+iπ0i
π−i


anti
(p+n)
=

 02
9
10
9

 σ(νµn→ µ+∆−) (5.109)
yielding 

π+f
π0f
π−f


anti
(p+n)
= A

0.0750.318
0.953

 σ(νµn→ µ+∆−), (5.110)
where the standard cross section is chosen to be νµn→ µ+∆−. We summa-
rize these yields in table 5.3.
Interestingly, the yields of neutrinos and antineutrinos are inverted.
This fact, which is a consequence of charge symmetry, leads to(
π+
π0
)
ν
=
(
π−
π0
)
ν
, (5.111)
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which does hold beyond the domain of our PCAC calculation, as it follows
from a general statement originating from charge symmetry. A deviation
from this would be a hint of CP violation. The advantage of the quantity in
equation (5.111) is that the standard cross section is canceled out minimiz-
ing theoretical uncertainties. Furthermore, we find that this relation holds
for all isoscalar target for which the nuclear corrections of neutrinos and
antineutrinos are the same and the yields factorize into nuclear correction
times standard cross section.
In the following we sketch a procedure to track CP violation in long
baseline oscillation experiments:
• Measure various reactions at the nearby detector and determine the
neutrino and antineutrino fluxes as well as the pion yields.
• Measure charge related processes at the far away detector and check
ratios a` la equation (5.111).
• Use the determined fluxes of muon neutrino and antineutrinos from
the nearby detector and match the measured electron neutrino and
antineutrino flxues at the far away detector by varying the CP phase
δ as indicated in figure 5.19.
5.9 Summary
In this chapter we calculated the cross section for hadron production by
neutrino scattering. In section 5.1 we revisited the common Lorentz invari-
ant ansatz of expressing the hadronic tensor in terms of form factors. Their
functional forms are still rather unknown and are determined by compar-
ison with experimental data. As in the case of the axial form factors the
statistics of the experiments is too limited to make strong statements. Al-
beit good agreement with measurements of the cross sections, except in
the low Q2 region, they remain artificially constructed and lack of deeper
physical motivation.
Therefore, we used a different approach for the axial part of the cross
section in section 5.2. Here we decomposed the currents to polarization
vectors finding the λ = 0 helicity vector to be dominating. For the projec-
tions of the hadronic currents onto these polarization vectors we made use
of the PCAC hypothesis. This way we avoided the necessity of modeling
the hadronic processes by relating them to well measured pion proton am-
plitudes. As a consequence, the axial cross section in equation (5.37) turned
out to be the product of a leptonic factor and the explicit pion-proton cross
section for which we use statistically accurate experimental data as input.
Section 5.3 provided a test of our PCAC formalism. The Adler sum
rule requires the constancy of a defined integral over the axial structure
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function which is valid for all Q2. Thus using a model for these structure
functions one can check its validity by calculating the Adler sum. It is
found to be well satisfied for low Q2 where PCAC is valid. For larger
values of Q2 the impact of uncertainty of high energy contributions rises.
Using the Bodek-Yang interpolation for the high energy part again leads to
a good agreement with the Adler sum rule, pointing to the validity of both
the PCAC relations and the high energy interpolation.
Using the PCAC model for the axial part of the cross section and the
form factor parametrization for the remaining contributions we calculated
the differential cross section in section 5.4. For the vector-axial-vector in-
terference we extracted values for the axial form factor CA5 (Q
2) from the
PCAC formula. The resulting predictions show good agreement with the
experimental measurements.
For comparisons with other experiments we calculated related cross
sections for anti-neutrinos and neutrons targets in both charged and neutral
currents in section 5.5. Here we made extensive use of Isospin rotations of
the currents leading to simple relations among the cross sections derived
in the previous section.
In section 5.7 nuclear corrections in the ANP model were introduced
that are needed in complex nuclear targets. The pions produced by the
decay of the nucleon resonances partly rescatter within the nucleus, dis-
torting the initial pions to the measured final pions. The final cross section
for neutrinos production charged pions on CH2 measured at MiniBooNE
is in agreement with our prediction.
Finally, we presented an application of the pion cross sections and nu-
clear corrections to CP searches in section 5.8. After introducting the con-
cept of CP violation in neutrino oscillation experiments we showed that
specific charge symmetry relations help to determine the CP phase.
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6. Conclusions
The four fermion generation scenario is at a crossroads. With the LHC tak-
ing more and more data its fate will be sealed sooner or later. However,
this time has not yet come and as the parameters get less space, new alter-
natives will be considered, which has already begun by turning from the
simple one Higgs model to two Higgs or multi Higgs models due to the
discovery of the potentially Higgs boson with small mass.
In chapter 3 of this thesis we scrutinized the contribution of the addi-
tional Majorana neutrino within the SM4 to neutrinoless double beta decay
with the assumption of a nonzero PMNS matrix element Ue4 as indicated
by [102]. We find that, considering existing bounds on the 4G mass spec-
trum described in chapter 2, it should have already revealed itself in experi-
ment even if relative phases to the first three generation neutrinos are taken
into account. As this is not the case, we showed that this does not strictly
rule out the 4G scenario or the Majorana nature of neutrinos but constrains
the latter one. Therefore, we found the neutrino to be a pseudo-Dirac parti-
cle and constrained its Majorana mass resulting in figure 3.3. Furthermore,
we exemplified the impact of this result on other LNV processes by find-
ing the cross section of like-sign dilepton production heavily suppressed.
Next, we showed that the dominant suppression of the PMNS matrix el-
ement rise from radiative charged lepton decays. As the small Majorana
mass contradicts the common seesaw picture we proposed an extradimen-
sional setup that significantly softens the involved coupling hierarchies and
preserves the seesaw approach for the first three generations.
A very similar bound on the Majorana mass of additional neutrino
species was derived in chapter 4 by investigating the potential washout
by its LNV processes. Without specifying the specific model of baryoge-
nesis we showed that a pre-existing baryon or lepton asymmetry can be
preserved from erasure by light Majorana neutrinos if the Majorana mass
is small enough to keep the interactions out of equilibrium for the time of
the universe cooling from the GUT scale down to the EWPT. The Majorana
mass is found to be less than 10 keV for an order one generic coupling. This
feature does agree with the result obtained earlier. This result is also valid
for sterile neutrinos such as warm dark matter candidates considering ap-
propriate couplings.
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Chapter 5 deals with neutrino-nucleus interactions, namely resonant
pion production by neutrinos. This channel is of interest for oscillation ex-
periments and still suffers from poor theoretical understanding. Therefore,
we developed a new approach for calculating the dominant axial contribu-
tion by applying the PCAC hypothesis. Although this ansatz is only valid
in a limited kinematic region (Q2 <∼ 0.20GeV2), it covers the important part
of the axial contribution and may help to develop a broader model that
links our approach with the common form factor ansatz. The latter one is a
heuristic and artificial ansatz for this problem and suffers, in contrast to our
PCAC based approach, from its number of free parameters and uncertainty
of the functional forms of the form factors. We find the PCAC relation con-
firmed by validating the Adler sum rule for small momentum transfers.
We calculated various differential cross sections that agree with available
experimental data. Moreover, we presented cross sections for scatterings
of neutrinos and antineutrinos on protons and neutrons with charged and
neutral currents by applying isospin rotations. Then we calculated the en-
ergy spectrum of the produced pions to be tested experimentally. As mod-
ern oscillation experiments use more complex nuclear structures as targets
we applied the ANP model for nuclear corrections in order to present a
prediction for the cross section of neutrinos scattering off carbon nuclei.
Here we found intriguing relations originating from charge symmetry that
may circumvent uncertainties of neutrino cross sections by giving specific
pion production ratios. These may help to determine the CP phase in the
leptonic sector as it is related to deviations from these ratios.
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76
Lorentz transformation of cross
sections
We define as center of mass system the frame where the resonance is at
rest. In the laboratory the four-momentum of the excited resonance after
the collision is
p′µ = (ν+mN, |~q|). (1)
We can bring the resonance to rest by the transformation parameter
β =
|~q|
ν+mN
(2)
and the corresponding
γ =
1√
1− β2 =
ν+mN
W
. (3)
In the rest frame of the resonance with its invariant mass within its width
by W, the energy of the pion is
Ecmπ =
W2 −m2N +m2π
2W
. (4)
With this information we can relate various quantities in the two frames.
The scattering angles of the pion satisfy
tan θlab =
sin θcm
γ
(
cos θcm + γ
Ecmπ
pcmπ
) . (5)
The differential cross sections are related by
dσ
dΩlab
=
dσ
dΩcm
1
J
(6)
and
dσ
dElabπ
= 2π
dσ
dΩlab
[
(mN + ν)p
lab
π − |~q|Elabπ cos θlab
|~q|(plabπ )2
]
(7)
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with the Jacobian J derived from the above equation
J =
d cos θlab
d cos θcm
=
γ
(
1+ E
cm
π
pcmπ
cos θcm
)
(
sin2 θcm + γ2
(
cos θcm +
βEcmπ
pcmπ
)2)3/2 . (8)
Finally, we obtain
d cos θlab
dElabπ
=
(mN + ν)p
lab
π − |~q|Elabπ cos θlab
|~q|(plabπ )2
. (9)
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Acronyms
0νββ neutrinoless double beta decay
2νββ two neutrino double beta decay
4G four generation
ANL Argonne National Laboratory
ANP Adler-Nussinov-Paschos
ATLAS A Toroidal LHC Apparatus
BAU baryon asymmetry of the Universe
BNL Brookhaven National Laboratory
BSM beyond the standard model
CC charged current
CC1π charged current single pion production
CCQE charged current quasi-elastic scattering
CGC Clebsch-Gordan-Coefficient
CKM Cabibbo-Kobayashi-Maskawa
cm center of mass
CMS Compact Muon Solenoid
CP charge and parity
CVC conserved vector current
D0 Experiment located at Tevatron section D0
Daya Bay Daya Bay Reactor Neutrino Experiment
DIS deep inelastic scattering
DONUT Direct Observation of the NU Tau
DSB dynamical symmetry breaking
EWPT electroweak phase transition
EWSB electroweak symmetry breaking
EXO Enriched Xenon Observatory
FCNC flavor changing neutral current
FNAL Fermi National Accelerator Laboratory
GERDA GERmanium Detector Array
GUT grand unified theory
HE high energy
IGEX International Germanium Experiment
K2K KEK to Kamioka
KamLAND Kamioka Liquid Scintillator Antineutrino Detector
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CHAPTER 6. ACRONYMS
KATRIN Karlsruhe Tritium Neutrino Experiment
lab laboratory
LEP Large Electron-Positron collider
LHC Large Hadron Collider
LNV lepton number violation
LSD like-sign dilepton production
LSND Liquid Scintillator Neutrino Detector
LSS large scale structure
MINERνA Main Injector Experiment for ν-A
MiniBooNE Booster Neutrino Experiment
MINOS Main Injector Neutrino Oscillation Search
MSTW Martin-Stirling-Thorne-Watt
NC neutral current
NEMO Neutrino Ettore Majorana Observatory
NME nuclear matrix elements
NOνA NuMI Off-Axis νe Appearance
OPERA Oscillation Project with Emulsion-tRacking Apparatus
PCAC Partially Conserved Axialvector Current
PDG particle data group
PMNS Pontecorvo-Maki-Nakagawa-Sakata
QE quasi elastic
RENO Reactor Experiment for Neutrino Oscillation
RES resonance procution
SciBooNE Scintillator Bar Booster Neutrino Experiment
SLC Stanford Linear Accelerator
SM standard model
SM3 standard model with three generations
SM4 standard model with four generations
SNO Sudbury Neutrino Observatory
Super-K Super-Kamiokande
T2K Tokai to Kamioka
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